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Condenser capacitySymmetrization
 Holomorphic motions
 Definition
 A condenser in Rn, n ≥ 2, is a pair (D,K ), where D is an opensubset of Rn and K is a nonempty compact subset of D.
 Definition
 u ∈ Lip(Rn) if there exists C > 0 such that
 |u(x)− u(y)| ≤ C |x − y |.
 Definition
 Ψ(D,K ) is the family of functions u ∈ Lip(Rn) such that u = 1 onK and u = 0 on Rn \ D.The capacity of (D,K ) is
 Cap(D,K ) = inf∫
 D\K|∇u|2 : u ∈ Ψ(D,K )
 .
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Definition
 The equilibrium potential h of the condenser (D,K ) is thesolution of the Dirichlet problem on D \ K with boundary values
 φ =
 0, on ∂D,1, on ∂K .
 From the Dirichlet Principle,
 Cap(D,K ) =
 ∫D\K|∇h|2.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Examples
 If 0 < r < s < +∞ and B(0, t) = x ∈ Rn : |x | < 1, then
 Cap(B(0, s),B(0, r)) =
 1
 log s−log r , n = 2,1
 1rn−2−
 1sn−2
 , n ≥ 3.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Definition
 S(D,K ) is the family of all signed Borel measures σ = σD − σKwith compact support, where σD , σK are unit positive measures onthe plates Rn \ D and K , respectively.
 For any σ ∈ S(D,K ) we define the energy of σ by
 I (σ) =
 ∫∫Kn(x , y)dσ(x)dσ(y),
 and the potential of σ by
 Uσ(x) =
 ∫Kn(x , y)dσ(y), x ∈ Rn,
 where
 Kn(x , y) :=
 log 1|x−y | , n = 2,1
 |x−y |n−2 , n ≥ 3.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 It is true that I (σ) > 0, for all σ ∈ S(D,K ).
 Definition
 We define the equilibrium energy of the condenser to be theextended positive real number
 md(D,K ) = infσ∈S(D,K)
 I (σ).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 If md(D,K ) < +∞, it is true that there exist a unique extremalsigned measure τ = τD − τK ∈ S(D,K ) such that
 md(D,K ) = I (τ).
 The signed measure τ will be called the equilibrium measure ofthe condenser and Uτ will be called the equilibrium potential ofthe condenser.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Theorem (The condenser theorem)
 Let (D,K ) be a condenser with finite equilibrium energy,τ = τD − τK the equilibrium measure and Uτ the equilibriumpotential of the condenser. Then there exists finite constantsVD ≥ 0 and VK ≤ 0 such thati) Uτ = VD in Rn \ D, except on a subset of zero capacity,ii) Uτ = VK in K , except on a subset of zero capacity,iii) supp(τD) ⊂ ∂D and supp(τK ) ⊂ ∂K ,iv) md(D,K ) = VD − VK .
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Note that
 h(x) =VD − Uτ (x)
 VD − VK=
 VD − Uτ (x)
 md(D,K ).
 From the equality∫∫Kn(x , y)dτ(x)dτ(y) =
 1
 κn
 ∫Rn
 |∇Uτ |2,
 we obtainCap(D,K ) =
 κnmd(D,K )
 .
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Definition
 The Green function GD(·, y) : D 7→ (0,+∞], with pole at y ∈ D,
 is harmonic on D \ y,x 7→ GD(x , y)−Kn(x , y), is harmonic on D,
 limx→ζ GD(x , y) = 0, for every ζ ∈ ∂D except on a subset ofzero capacity
 Examples
 D = x ∈ C : |x | < 1,
 GD(x , y) = log∣∣∣1− xy
 x − y
 ∣∣∣, x , y ∈ D.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Green function of a rectangle with pole at 0.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Definition
 The Green energy of a unit Borel measure µ on K is
 ID(µ) =
 ∫∫K×K
 GD(x , y)dµ(x)dµ(y)
 and the Green potential of µ is
 UDµ (x) =
 ∫GD(x , y)dµ(y), x ∈ D.
 UDµ is harmonic on D \ K and
 limx→ζ
 UDµ (x) = 0,
 for every ζ ∈ ∂D except on a subset of zero capacity.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Definition
 The Green equilibrium energy of the condenser (D,K ) is
 I (D,K ) = infµID(µ).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Definition
 If I (D,K ) < +∞, there is a unique unit Borel measure µK on K ,such that
 ID(µK ) = I (D,K ) = infµID(µ).
 µK is the Green equilibrium measure of (D,K ). For the Greenpotential of µK it is true that
 UDµK≤ I (D,K ), on D,
 andUDµK
 = I (D,K ), on K
 except on a subset of zero capacity.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Again
 h(x) =UDµK
 (x)
 I (D,K ),∫∫
 GD(x , y)dµK (x)dµK (y) =1
 κn
 ∫Rn
 |∇UDµK|2
 andCap(D,K ) =
 κnI (D,K )
 .
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Summary
 Cap(D,K ) =κn
 md(D,K )=
 κnI (D,K )
 ,
 h(x) =VD − Uτ (x)
 md(D,K )=
 UDµK
 (x)
 I (D,K )
 andτK = µK .
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Polarization
 Let H be an oriented (n − 1)-dimensional hyperplane in Rn and letH+ and H− be the closed half-spaces into which H divides Rn,with respect to the given orientation.
 We denote by RH(·) the reflection of a point or a subset of Rn inH.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Let E be any set in Rn. We divide E into three disjoint sets asfollows: The symmetric part of E is the set
 SE = x ∈ E : RH(x) ∈ E,
 the upper non-symmetric part of E is the set
 UE = x ∈ E ∩ H+ : RH(x) 6∈ E
 and the lower non-symmetric part of E is the set
 VE = x ∈ E ∩ H− : RH(x) 6∈ E.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 HH
 E
 U
 S
 V PH(E )
 U
 S
 RH(V )
 The polarization PH(E ) of E with respect to H is the set
 PH(E ) := SE ∪ UE ∪ RH(VE ).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 The polarization of an open (closed) set is open (closed).
 The polarization of a condenser (D,K ) is the condenser(PH(D),PH(K )).
 HH
 u(D,K )
 u u (PH(D),PH(K ))
 u u u
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Steiner symmetrization
 We define the Steiner symmetrization SH(A) of an open orcompact set A ⊂ Rn with respect to the (n − 1)-dimensionalhyperplane H by determining its intersections with every lineperpendicular to H.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 The Steiner symmetrization of a condenser (D,K ) with respect toH is the condenser (SH(D),SH(K )).
 HH
 K ~D
 SH(K )~ SH(D)
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Polarization is a much simpler geometric transformation thanSteiner symmetrization.
 An important property of polarization is that the Steinersymmetrization can be approximated by a sequence of suitablepolarizations.
 V. N. Dubinin first introduced polarization of condensers andconcidered the approach to symmetrization of condensers viapolarization.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 It is true that, polarization and Steiner symmetrization decreasescondenser capacity; that is, for every condenser (D,K ) and forevery hyperplane H,
 Cap(PH(D),PH(K )) ≤ Cap(D,K ) (1)
 andCap(SH(D),SH(K )) ≤ Cap(D,K ). (2)
 Inequality (2) proved by G. Polya and G. Szego (1951).Inequality (1) proved by V. N. Dubinin (1985).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Dubinin’s proof for the polarization inequality:Let u ∈ Ψ(D,K ). If
 Pu(x) =
 minu(x), u(RH(x)), x ∈ H−,maxu(x), u(RH(x)), x ∈ H+.
 then Pu ∈ Ψ(PH(D),PH(K )) and∫PH(D)\PH(K)
 |∇Ph|2 =
 ∫D\K|∇h|2.
 ThereforeCap(PH(D),PH(K )) ≤ Cap(D,K ).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 An application due to W. K. Hayman.
 Theorem
 Let f be a holomorphic function on D and let l be a line passingthrough f (0). Consider Sl(f (D)) and let φ be a conformal mappingfrom D onto Sl(f (D)) with φ(0) = f (0). Then, |f ′(0)| ≤ |φ′(0)|.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Equality statements for the inequalities (1) and (2) have beenproved by J. A. Jenkins, V. N. Dubinin and V. A. Shlyk underconnectivity assumptions or regularity conditions on the boundaryof the condenser.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Definition
 A condenser (D,K ) will be called normal if for every connectedcomponent Ω of D \ K , the sets
 ∂D ∩ ∂Ω and ∂K ∩ ∂Ω
 have positive capacity.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Theorem (Equality statement for polarization, with D. Betsakos)
 Let (D,K ) be a normal condenser and let H be an oriented planein Rn. Then Cap(PH(D),PH(K )) = Cap(D,K ) if and only ifthere is a one-to-one and onto correspondence between theconnected components Ω′ of PH(D) \ PH(K ) and the connectedcomponents Ω of D \ K such that either
 Ω′ = Ω, ∂Ω′ ∩ ∂PH(K ) = ∂Ω ∩ ∂K
 and ∂Ω′ ∩ ∂PH(D) = ∂Ω ∩ ∂D
 orΩ′ = RH(Ω), ∂Ω′ ∩ ∂PH(K ) = RH(∂Ω ∩ ∂K )
 and ∂Ω′ ∩ ∂PH(D) = RH(∂Ω ∩ ∂D),
 where the above equalities hold except possibly on sets of zerocapacity.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 H
 D D \ K PH(D) \ PH(K )
 Ω1 G1Ω2 G2
 Ω3 G3
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Theorem (Equality statement for Steiner symmetrization, with D.Betsakos)
 Let (D,K ) be a normal condenser, let Di be the connectedcomponents of D, Ki = K ∩ Di and let H be a plane in Rn. Then
 Cap(SH(D),SH(K )) = Cap(D,K )
 if and only if for every i there exists a plane Hi parallel to H suchthat
 SHi(Di ) = Di , SHi
 (Ki ) = Ki
 and ΠH(Di ) ∩ΠH(Dj) = ∅ for every i 6= j , where ΠH is orthogonalprojection on H. The above equalities hold except possibly on setsof zero capacity.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Sketch of the basic idea of the proof:Let Y be an oriented hyperplane which is parallel to H.Observe that for any open or compact set A,
 SH(PY (A)) = SH(A).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 From the condenser capacity inequalities,
 Cap(D,K ) ≥ Cap(PY (D),PY (K ))
 ≥ Cap(SH(PY (D)),SH(PY (K )))
 = Cap(SH(D), SH(K ))
 = Cap(D,K )
 andCap(D,K ) = Cap(PY (D),PY (K )).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Therefore, for every oriented hyperplane Y which is parallel to H,
 PY (D) = D and PY (K ) = K
 orPY (D) = RY (D) and PY (K ) = RY (K ).
 The assertion follows from the following lemma about polarizationand Steiner symmetrization.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 PolarizationSteiner symmetrization
 Lemma
 If for every oriented hyperplane Y which is parallel to a givenhyperplane H,
 PY (A) = A or PY (A) = RY (A),
 then there exists a hyperplane Y0 which is parallel to H, such thatSY0(A) = A.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Definition
 A holomorphic motion of a set A ⊂ C, is a function
 f : D× A 7→ C
 such that
 for fixed z ∈ A, λ 7→ f (λ, z) is holomorphic on D,
 for fixed λ ∈ D, z 7→ f (λ, z) = fλ(z) is injective,
 f (0, z) = z , z ∈ A.
 fλ(z) = (1− λ) z .
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Theorem (Z. Slodkowski)
 If f : D× A 7→ C is a holomorphic motion, then f has an extensionto F : D× C 7→ C such thati) F is a holomorphic motion of C,ii) each Fλ(·) : C 7→ C is a quasiconformal self homeomorphism,iii) F is jointly continuous in (λ, z).
 The joint continuity and weaker extendability results have beenproved earlier by R. Mane, P. Sad and D. Sullivan.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Let (D,K ) be a condenser with positive capacity and letf : D× D 7→ C.
 Theorem
 The functionλ 7→ md(fλ(D),K )
 is superharmonic on D.
 A sketch of the proof:The lower semicontinuity follows from the corresponding property
 for energy integrals; if τnw∗→τ ,
 I (τ) ≤ lim infn→∞
 I (τn).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Let τ = τD − τK be the equilibrium measure of (D,K ). For everyλ ∈ D, let
 τλD(E ) = τD((f −1λ (E ))), E ⊂ ∂D
 andτλ = τλD − τK ∈ S(fλ(D),K ).
 Then,λ 7→ I (τλ)
 is harmonic on D.
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 for all 0 < r < 1,
 1
 2πr
 ∫∂B(0,r)
 md(fζ(D),K )ds(ζ) ≤ 1
 2πr
 ∫∂B(0,r)
 I (τζ)ds(ζ)
 = I (τ)
 = md(D,K ).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
 Theorem
 The functionλ 7→ md(fλ(D),K )
 is harmonic if and only if the holomorphic motion is aparametrization of the level curves of the equilibrium potential of(D,K ).
 Stamatis Pouliasis Capacity, holomorphic motions and symmetrization
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Condenser capacitySymmetrization
 Holomorphic motions
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Condenser capacitySymmetrization
 Holomorphic motions
 Tesekkur ederim!
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