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Actuarial models
 Definition 1.1 (Parametric family of distributions)A parametric distribution is a set of distribution functions, eachof which is determined by specifying one or more values calledparameters. The number of parameters is fixed and finite.
 A family of distributions can be quite simple such as forinstance the exponential Exp(λ) and normal N(µ, σ2).On the other hand we can have X v F (θ1, θ2, . . . , θn) thatis much more complicated.
 Definition 1.2 (Scale family of distributions)
 A risk X with cdf F (x ;σ) where σ > 0 is said to belong to ascale family of distributions if F (x ;σ) = F (x/σ; 1). Here, σ iscalled the scale parameter.
 Note that F can have more parameters than just σ, butthey are unchanged upon ‘scaling’.
 Edward Furman Risk theory 4280 2 / 87
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Actuarial models
 Definition 1.3 (Location-scale family of distributions)
 A risk X with cdf F (x ;µ, σ) where −∞ < µ <∞, σ > 0 is saidto belong to a location-scale family of distributions ifF (x ;µ, σ) = F ((x − µ)/σ; 0,1). Here, µ and σ are the locationand scale parameters, respectively.
 Example 1.1
 Let X v N(µ, σ2). Then
 F (x ;µ, σ) =
 ∫ x
 −∞
 1√2πσ
 exp
 {−1
 2
 (t − µσ
 )2}
 dt
 =
 ∫ (x−µ)/σ
 −∞
 1√2π
 exp{−1
 2t2}
 dt
 = F ((x − µ)/σ; 0,1).
 Edward Furman Risk theory 4280 3 / 87

Page 7
						

Actuarial models
 Definition 1.3 (Location-scale family of distributions)
 A risk X with cdf F (x ;µ, σ) where −∞ < µ <∞, σ > 0 is saidto belong to a location-scale family of distributions ifF (x ;µ, σ) = F ((x − µ)/σ; 0,1). Here, µ and σ are the locationand scale parameters, respectively.
 Example 1.1
 Let X v N(µ, σ2). Then
 F (x ;µ, σ) =
 ∫ x
 −∞
 1√2πσ
 exp
 {−1
 2
 (t − µσ
 )2}
 dt
 =
 ∫ (x−µ)/σ
 −∞
 1√2π
 exp{−1
 2t2}
 dt
 = F ((x − µ)/σ; 0,1).
 Edward Furman Risk theory 4280 3 / 87

Page 8
						

Actuarial models
 Definition 1.3 (Location-scale family of distributions)
 A risk X with cdf F (x ;µ, σ) where −∞ < µ <∞, σ > 0 is saidto belong to a location-scale family of distributions ifF (x ;µ, σ) = F ((x − µ)/σ; 0,1). Here, µ and σ are the locationand scale parameters, respectively.
 Example 1.1
 Let X v N(µ, σ2). Then
 F (x ;µ, σ) =
 ∫ x
 −∞
 1√2πσ
 exp
 {−1
 2
 (t − µσ
 )2}
 dt
 =
 ∫ (x−µ)/σ
 −∞
 1√2π
 exp{−1
 2t2}
 dt
 =
 F ((x − µ)/σ; 0,1).
 Edward Furman Risk theory 4280 3 / 87

Page 9
						

Actuarial models
 Definition 1.3 (Location-scale family of distributions)
 A risk X with cdf F (x ;µ, σ) where −∞ < µ <∞, σ > 0 is saidto belong to a location-scale family of distributions ifF (x ;µ, σ) = F ((x − µ)/σ; 0,1). Here, µ and σ are the locationand scale parameters, respectively.
 Example 1.1
 Let X v N(µ, σ2). Then
 F (x ;µ, σ) =
 ∫ x
 −∞
 1√2πσ
 exp
 {−1
 2
 (t − µσ
 )2}
 dt
 =
 ∫ (x−µ)/σ
 −∞
 1√2π
 exp{−1
 2t2}
 dt
 = F ((x − µ)/σ; 0,1).
 Edward Furman Risk theory 4280 3 / 87

Page 10
						

Actuarial models
 Definition 1.4 (A family of parametric distributions)A family of parametric distributions is a set of parametricdistributions that are related in a meaningful way.
 Example 1.2
 Think of X v Ga(γ, α). This can be seen as the family ofgamma distributions. Setting γ = 1, for instance, we obtain theExp(α). Considering integer γ only, we have the Erlangdistribution. Also, setting α = 1/2 and γ = ν/2, we have theX 2(ν) distribution.
 When we look at gamma family, we do not know thenumber of parameters to work with.When we concentrate on gamma distributions, we restrictour attention to the two parameter case.
 Edward Furman Risk theory 4280 4 / 87
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Actuarial models
 Definition 1.5 (Mixed distributions)A risk Y is said to be an n point mixture of the risksX1,X2, . . . ,Xn if its cdf is
 FY (y) =n∑
 k=1
 αkFXk
 for α1 + · · ·αn = 1, αk > 0.
 Definition 1.6 (Variable-component mixture distributions)A variable-component mixture distribution has a cdf
 FY (y) =N∑
 k=1
 αkFXk ,
 for α1 + · · ·+ αN = 1, αk > 0. Here N is random.
 Edward Furman Risk theory 4280 5 / 87
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Actuarial models
 Example 1.3
 Let Xk v Exp(λk ), where k = 1,2, . . .. The n point mixture ofthese risks has the cdf
 F (x) = 1− α1e−λ1x − α2e−λ2x − · · · − αne−λnx
 = (α1 + · · ·+ αn)− α1e−λ1x − α2e−λ2x − · · · − αne−λnx .
 The pdf is then
 f (x) = α1λ1e−λ1x + α2λ2e−λ2x + · · ·+ αnλne−λnx .
 The hazard function is
 h(x) =α1λ1e−λ1x + α2λ2e−λ2x + · · ·+ αnλne−λnx
 α1e−λ1x + α2e−λ2x + · · ·+ αne−λnx .
 Edward Furman Risk theory 4280 6 / 87
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Actuarial models
 A distribution must not be parametric.
 Definition 1.7 (Empirical model)An empirical model is a discrete distribution based on a sampleof size n that assigns probability 1/n to each data point.
 Example 1.4Let us say we have a sample of 8 claims with the values{3,5,6,6,6,7,7,8}. Then the empirical model is
 p(x) =
 0.125 x = 3,0.125 x = 5,0.375 x = 6,0.250 x = 7,0.125 x = 8.
 Edward Furman Risk theory 4280 7 / 87
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Actuarial models
 Proposition 1.1Let X be a continuous rv having pdf f and cdf F . Let Y = θXwith θ > 0. Then
 FY (y) = FX (y/θ) and fY (y) =1θ
 fX (y/θ).
 Proof.
 FY (y) =
 P[Y ≤ y ] = P[X ≤ y/θ] = FX (y/θ).
 AlsofY (y) =
 ddy
 FY (y) =1θ
 fX (y/θ).
 Edward Furman Risk theory 4280 8 / 87

Page 25
						

Actuarial models
 Proposition 1.1Let X be a continuous rv having pdf f and cdf F . Let Y = θXwith θ > 0. Then
 FY (y) = FX (y/θ) and fY (y) =1θ
 fX (y/θ).
 Proof.
 FY (y) = P[Y ≤ y ] =
 P[X ≤ y/θ] = FX (y/θ).
 AlsofY (y) =
 ddy
 FY (y) =1θ
 fX (y/θ).
 Edward Furman Risk theory 4280 8 / 87

Page 26
						

Actuarial models
 Proposition 1.1Let X be a continuous rv having pdf f and cdf F . Let Y = θXwith θ > 0. Then
 FY (y) = FX (y/θ) and fY (y) =1θ
 fX (y/θ).
 Proof.
 FY (y) = P[Y ≤ y ] = P[X ≤ y/θ] =
 FX (y/θ).
 AlsofY (y) =
 ddy
 FY (y) =1θ
 fX (y/θ).
 Edward Furman Risk theory 4280 8 / 87

Page 27
						

Actuarial models
 Proposition 1.1Let X be a continuous rv having pdf f and cdf F . Let Y = θXwith θ > 0. Then
 FY (y) = FX (y/θ) and fY (y) =1θ
 fX (y/θ).
 Proof.
 FY (y) = P[Y ≤ y ] = P[X ≤ y/θ] = FX (y/θ).
 AlsofY (y) =
 ddy
 FY (y) =1θ
 fX (y/θ).
 Edward Furman Risk theory 4280 8 / 87

Page 28
						

Actuarial models
 Proposition 1.1Let X be a continuous rv having pdf f and cdf F . Let Y = θXwith θ > 0. Then
 FY (y) = FX (y/θ) and fY (y) =1θ
 fX (y/θ).
 Proof.
 FY (y) = P[Y ≤ y ] = P[X ≤ y/θ] = FX (y/θ).
 AlsofY (y) =
 ddy
 FY (y) =1θ
 fX (y/θ).
 Edward Furman Risk theory 4280 8 / 87

Page 29
						

Actuarial models
 Proposition 1.2
 Let X be a continuous rv having pdf f and cdf F , F (0) = 0. LetY = X 1/τ . Then if τ > 0
 FY (y) = FX (yτ ) and fY (y) = τyτ−1fX (yτ ), y > 0
 And if τ < 0, then
 FY (y) = 1− FX (yτ ) and fY (y) = −τyτ−1fX (yτ ).
 Proof.If τ > 0, then
 FY (y) = P[Y ≤ y ] = P[X ≤ yτ ] = FX (yτ ),
 and the pdf follows by differentiation. If τ < 0, then
 FY (y) = P[Y ≤ y ] = P[X ≥ yτ ] = 1− FX (yτ ).
 Edward Furman Risk theory 4280 9 / 87
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Actuarial models
 Proposition 1.3
 Let X be a continuous rv having pdf f and cdf F . Let Y = eX .Then, for y > 0
 FY (y) = FX (log(y)) and fY (y) =1y
 fX (log(x)).
 Proof.We have that
 P[Y ≤ y ] = P[eX ≤ y ] = P[X ≤ log(y)] = FX (log(y)).
 The density follows by differentiation.
 Example 1.5
 Let X v N(µ, σ2), and let Y = eX . What is the distribution of Y ?
 Edward Furman Risk theory 4280 10 / 87
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Actuarial models
 SolutionFor the cdf, we have that for positive y
 FY (y) =
 FX (log(y)) = Φ((log(y)− µ)/σ).
 Also, for the pdf
 fY (y) =1y
 fX (log(y)) =1σy
 φ((log(y)− µ)/σ),
 which of course reduces to
 fY (y) =1σy
 1√2π
 exp
 {−1
 2
 (log(y)− µ
 σ
 )2}
 that is a log-normal distribution.
 Edward Furman Risk theory 4280 11 / 87
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Actuarial models
 Proposition 1.4Let X be a ‘continuous’ risk having cdf FX and pdf fX , and leth : R→ R be a strictly monotone function. Also, let Y = h(X ),then the cdf of Y denoted by FY is
 FY (y) =
 {FX (h−1(y)), if h is strictly increasing1− FX (h−1(y)), if h is strictly decreasing
 Moreover, if x = h−1(y) is differentiable, then
 fY (y) = fX (h−1(y))
 ∣∣∣∣ ddy
 h−1(y)
 ∣∣∣∣ .Proof.
 Make sure you can prove this.
 Edward Furman Risk theory 4280 12 / 87
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 fY (y) = fX (h−1(y))
 ∣∣∣∣ ddy
 h−1(y)
 ∣∣∣∣ .Proof.Make sure you can prove this.
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 Proposition 1.5
 Let X have a pdf fX |Λ(x |λ) and cdf FX |Λ(x |λ) where λ is aparameter and it is also a realization of a random variable Λwith pdf fΛ. Then the mixed pdf of X is
 fX (x) =
 ∫fX |Λ(x |λ)fΛ(λ)dλ =
 E[fX |Λ(x |Λ)].
 The cdf of X is
 FX (x) =
 ∫Fx |Λ(X |λ)fΛ(λ)dλ = E[FX |Λ(x |Λ)].
 Proof.The density follows straightforwardly because
 fX ,Λ(x , λ) = fX |Λ(x |λ)fΛ(λ)
 and thus to obtain the marginal pdf of X we integrate out values.
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 Proof.of Λ. As for the cdf
 FX (x) =
 ∫ x
 −∞
 ∫fX |Λ(y |λ)fΛ(λ)dλdy
 =
 ∫ ∫ x
 −∞fX |Λ(y |λ)fΛ(λ)dydλ
 =
 ∫FX |Λ(x |λ)fΛ(λ)dλ.
 Example 1.6Find the expectation and variance of a mixed rv.
 SolutionAssuming we can reverse the order of integration, we have that
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 Solution
 E[X k ] =
 ∫xk fX (x)dx =
 ∫ ∫xk fX |Λ(x |λ)fΛ(λ)dλdx
 =
 ∫ (∫xk fX |Λ(x |λ)dx
 )fΛ(λ)dλ
 =
 ∫E[X k |Λ = λ]fΛ(λ)dλ
 = E[E[X k |Λ]].
 For the variance
 Var[X ] = E[X 2]− E2[X ] = E[E[X 2|Λ]]− (E[E[X |Λ]])2
 = E[Var[X |Λ] + E2[X |Λ]]− (E[E[X |Λ]])2
 = E[Var[X |Λ]] + Var[E[X |Λ]].
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Actuarial models
 Example 1.7
 Let X |Λ v Exp(Λ) and let Λ v Ga(γ, α). Determine theunconditional distribution of X .
 SolutionWe have that
 fX (x) =
 ∫ ∞0
 fX |λ(x |Λ)fΛ(λ)dx =
 ∫ ∞0
 λe−λx e−αλλγ−1αγ
 Γ(γ)dλ
 =αγ
 Γ(γ)
 ∫ ∞0
 e−λ(α+x)λγdλ
 =Γ(γ + 1)αγ
 (x + α)γ+1Γ(γ)
 ∫ ∞0
 e−λ(α+x)λγ(x + α)γ+1
 Γ(γ + 1)dλ
 =γαγ
 (x + α)γ+1 ,
 Edward Furman Risk theory 4280 16 / 87
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Actuarial models
 Solutionsince
 Γ(γ + 1) =
 ∫ ∞0
 e−xxγdx = −∫ ∞
 0xγde−x =
 =
 ∫ ∞0
 γxγ−1e−xdx = γΓ(γ).
 Thus X is Pareto with γ and α.
 Example 1.8Suppose that given Θ = θ X is normally distributed with mean θand variance ν. Also suppose that Θ v N(µ, σ). Find thedistribution of X .
 SolutionWe have that
 Edward Furman Risk theory 4280 17 / 87
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Actuarial models
 Solution
 fX (x)
 =
 ∫ ∞−∞
 fX |Θ(x |θ)fΘ(θ)dθ
 =
 ∫ ∞−∞
 12π√νσ
 exp{− 1
 2ν(x − θ)2 − 1
 2σ(θ − µ)2
 }dθ
 Completing of the square in θ we have that (check at home)
 (x − θ)2
 ν+
 (θ − µ)2
 σ=σ + ν
 σν
 (θ − σx + νµ
 σ + ν
 )2
 +(x − µ)2
 σ + ν.
 Thus
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 fX (x)
 =
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 {−σ + ν
 2σν
 (θ − σx − νµ
 (σ + ν)
 )2
 − (x − µ)2
 2(σ + ν)
 }dθ
 =exp
 {− (x−µ)2
 2(σ+ν)
 }√
 2π(σ + ν)
 ×∫ ∞−∞
 √σ + ν√2πσν
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 {−σ + ν
 2σν
 (θ − σx − νµ
 (σ + ν)
 )2}
 dθ
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 {− (x−µ)2
 2(σ+ν)
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 Solutionsince the integrand is a normal density function with mean(σx − νµ)/(σ + ν) and variance σν/(σ + ν). The density of X isthus
 fX (x) =1√
 2π(σ + ν)exp
 {− (x − µ)2
 2(σ + ν)
 },
 which is a normal density with mean µ and variance σ + ν.
 Proposition 1.6
 Let Λ > 0 be a ‘frailty’ random variable. Let hX |Λ(x |λ) = λa(x)be a conditional hazard rate of the conditional on Λ randomvariable X |Λ, where a(x) is a known function. Then theunconditional survival function of X is
 S(x) = MΛ(−A(x)),
 where MΛ(·) is the mgf of Λ and A(x) =∫ x
 0 a(t)dt.
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 Proof.We know that
 SX |Λ(x |λ) = exp{−∫ x
 0hX |Λ(t |λ)dt
 },
 which is
 SX |Λ(x |λ) = exp{−λ∫ x
 0a(t)dt
 }= exp {−λA(x)} .
 Furthermore,
 SX (x) = E[SX |Λ(x |Λ)] = E[e−ΛA(x)] = MΛ(−A(x)),
 as required.
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Actuarial models
 Sometimes the conditional hazard function can be verysimple.
 Take X |Λ v Exp(Λ). Then a(x) = 1.
 Example 1.9
 Let Λ v Ga(τ, α) and X |Λ v Wei(λ, γ) with ddf S(x) = e−λxγ.
 Use the frailty mixture model to find the ddf of X .
 SolutionWe showed that
 SX (x) = MΛ(−A(x)).
 In this case Λ is a gamma rv, thus
 MΛ(t) = (1− αt)−τ .
 Also, for Weibull with the the ddf above, a(x) = γxγ−1.
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 SolutionThus A(x) = xγ , and
 SX (x) = MΛ(−A(x)) = (1 + αxγ)−τ
 Definition 1.8 (Spliced distributions)An n− component spliced distribution has the following pdf
 f (x) =
 α1f1(x), if c0 < x < c1α2f2(x), if c1 < x < c2...αnfn(x), if cn−1 < x < cn
 where for j = 1, . . . ,n we have that αj > 0, α1 + · · ·+ αn = 1and every fj is a legitimate pdf with the support on (cj−1, cj).
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 Example 1.10Show that the pdf below is a spliced pdf.
 f (x) =
 {0.01, if 0 ≤ x < 500.02, if 50 ≤ x < 75
 SolutionIndeed
 f ∗(x) =
 {0.5 · 0.02, if 0 ≤ x < 500.5 · 0.04, if 50 ≤ x < 75
 where both f1 and f2 are uniform densities on different intervals.
 The splicing approach is in a way similar to the mixing one.Here however the processes generating losses differ withrespect to loss amounts. This is not true for the mixingapproach.
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 In addition to the methods described above, we can obtainnew distributions as limiting cases of other ones.
 Let X v Ga(γ,1). Then Y = θX 1/τ , τ > 0 is a generalized(actuaries call it) transformed gamma distribution. Thedensity is
 f (y) = exp{−(yθ
 )τ} yτγ−1τ
 θτγΓ(γ), y > 0.
 For a > 0, b > 0, let the beta function be
 B(a,b) =
 ∫ 1
 0ta−1(1− t)b−1dt =
 Γ(a)Γ(b)
 Γ(a + b).
 Then let X v Be(τ, α) be a beta random variable with thepdf
 fX (x) =1
 Be(τ, α)xτ−1(1− x)α−1, 0 ≤ x ≤ 1.
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 Let Y = θ(X/(1− X ))1/γ . Then, we have that the pdf of Yis the generalized beta of the second kind (actuaries call itthe transformed beta)
 fY (y) =1
 Be(τ, α)
 γ(x/θ)γτ
 x(1 + (x/θ)γ)α+τ, y ≥ 0.
 Example 1.11The generalized (transformed) gamma distribution is limitingcase of the generalized (transformed) beta distribution whenθ →∞,α→∞,θ/α1/γ → ξ.
 SolutionThe well-known Stirling’s approximation says that for large α’s,
 Γ(α) = e−ααα−0.5√
 2π.
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 Solution
 Thus for large α’s, θ = ξα1/γ and using the pdf of thegeneralized beta rv, we have that
 fY (y) =Γ(α + τ)
 Γ(α)Γ(τ)
 γ(x/θ)γτ
 x(1 + (x/θ)γ)α+τ
 =e−τ−α(τ + α)τ+α−0.5
 √2πγyγτ−1
 e−ααα−0.5√
 2πΓ(τ)θγτ (1 + yγθ−γ)α+τ
 =e−τ (τ + α)τ+α−0.5γyγτ−1
 αα−0.5Γ(τ)θγτ (1 + yγθ−γ)α+τ
 =e−τ (τ + α)τ+α−0.5γyγτ−1
 ατ+α−0.5Γ(τ)ξγτ (1 + (y/ξ)γ/α)α+τ
 =e−τ (τ/α + 1)τ+α−0.5γyγτ−1
 Γ(τ)ξγτ (1 + (y/ξ)γ/α)α+τ
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 SolutionWe also know that
 limα→∞
 (1 +
 τ
 α
 )α+τ−0.5
 = eτ
 and similarly
 limα→∞
 (1 +
 (x/ξ)γ
 α
 )α+τ
 = e(x/ξ)γ
 Hence
 limα→∞
 fY (y) =γyγτ−1e−(y/ξ)γ
 ξγτΓ(τ),
 which is the pdf of a generalized (transformed) gamma rv asneeded.
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 SolutionWe also know that
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 Figure: Beta family of distributions
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 Definition 1.9 (Linear exponential family)A random variable X has a distribution belonging to the linearexponential family if its pdf can be reformulated in terms of aparameter θ as
 f (x ; θ) =p(x)er(θ)x
 q(θ).
 Here p(x) does not depend on θ, the function q(θ) is anormalizing constant, and r(θ) is the canonical parameter. Thesupport of X must be independent of θ.
 Example 1.12Gamma is linear exponential family, i.e.,
 f (x ; θ) = e−x/θ xγ−1θ−γ
 Γ(γ)
 is in the linear exponential family with r(θ) = −1/θ, q(θ) = θγ
 and p(x) = xγ−1/Γ(γ).Edward Furman Risk theory 4280 30 / 87
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 Example 1.13
 Normal random variable X v N(θ, ν) is in the linear exponentialfamily. Indeed
 f (x ; θ) = (2πν)−1/2 exp{− 1
 2ν(x − θ)2
 }= (2πν)−1/2 exp
 {−x2
 2ν+θ
 νx − θ2
 2ν
 }
 =(2πν)−1/2 exp
 {− x2
 2ν
 }exp
 {θν x}
 exp{θ2
 2ν
 } ,
 that is linear exponential family with r(θ) = θ/ν,p(x) = (2πν)−1/2 exp
 {− x2
 2ν
 }, q(θ) = exp
 {θ2
 2ν
 }
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 Proposition 1.7
 Let X v LEF (θ). Then its expected value is
 E[X ] =q′(θ)
 r ′(θ)q(θ).
 Proof.First note that
 log f (x ; θ) = log p(x) + r(θ)x − log q(θ).
 Also,
 ∂
 ∂θf (x ; θ) =
 1q(θ)2
 (p(x)er(θ)xr ′(θ)q(θ)− p(x)er(θ)xq′(θ)
 )= f (x ; θ)
 (r ′(θ)x − q′(θ)/q(θ)
 )We will now differentiate the above with respect to x . ThenEdward Furman Risk theory 4280 32 / 87
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 Proof.We will now differentiate the above with respect to x . Then∫
 ∂
 ∂θf (x ; θ)dx = r ′(θ)
 ∫xf (x ; θ)dx − q′(θ)
 q(θ)
 ∫f (x ; θ)dx
 Note that the support of X is independent of θ by definition ofthe family and so is the range of x . Therefore
 ∂
 ∂θ
 ∫f (x ; θ)dx = r ′(θ)
 ∫xf (x ; θ)dx − q′(θ)
 q(θ)
 ∫f (x ; θ)dx
 that is equivalent to saying that
 ∂
 ∂θ(1) = r ′(θ)E[X ]− q′(θ)
 q(θ).
 Or in other wordsEdward Furman Risk theory 4280 33 / 87
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 Proof.
 E[X ] =q′(θ)
 r ′(θ)q(θ)= µ(θ),
 which completes the proof.
 Proposition 1.8
 Let X v LEF (θ). Then its variance is
 Var[X ] =µ′(θ)
 r ′(θ).
 Proof.We will use the same technique as before. We have alreadyshown that
 ∂
 ∂θf (x ; θ) = r ′(θ) (x − µ(θ)) f (x ; θ)
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 Proof.Differentiating again with respect to θ and using the alreadyobtained first derivative of f (x ; θ), we have that
 ∂2
 ∂θ2 f (x ; θ)
 = r ′′(θ) (x − µ(θ)) f (x ; θ) + r ′(θ) (x − µ(θ)) f ′(x ; θ)
 − r ′(θ)µ′(θ)f (x ; θ)
 = r ′′(θ) (x − µ(θ)) f (x ; θ) + (r ′(θ))2 (x − µ(θ))2 f (x ; θ)
 − r ′(θ)µ′(θ)f (x ; θ)
 Also, because µ(θ) is the mean∫∂2
 ∂θ2 f (x ; θ)dx = (r ′(θ))2Var[X ]− r ′(θ)µ′(θ).
 Recalling that the range of x does not depend on θ because ofthe support of X , we obtain that
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 Proof.
 ∂2
 ∂θ2
 ∫f (x ; θ)dx = (r ′(θ))2Var[X ]− r ′(θ)µ′(θ).
 from which
 Var[X ] =µ′(θ)
 r ′(θ)
 as required.
 We shall further calculate the CTE of X at the confidencelevel xq = VaRq[X ].
 Proposition 1.9
 The CTEq[X ] is given by
 CTEq[X ] = µ(θ) +1
 r ′(θ)
 ∂
 ∂θlog S(xq; θ).
 Edward Furman Risk theory 4280 36 / 87
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 Proof.
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 Proof.
 ∂
 ∂θlog S(xq; θ)
 =1
 S(xq; θ)
 ∂
 ∂θS(xq; θ) =
 1S(xq; θ)
 ∂
 ∂θ
 ∫ ∞xq
 f (x ; θ)dx
 =1
 S(xq; θ)
 ∫ ∞xq
 ∂
 ∂θf (x ; θ)dx .
 We have already shown in Proposition 1.7 that
 ∂
 ∂θf (x ; θ) = f (x ; θ)
 (r ′(θ)x − q′(θ)/q(θ)
 ).
 Thus we have that
 ∂
 ∂θlog S(xq; θ) =
 1S(xq; θ)
 ∫ ∞xq
 f (x ; θ)(r ′(θ)x − q′(θ)/q(θ)
 )dx .
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 Proof.
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 Proof.The latter equation reduces to
 ∂
 ∂θlog S(xq; θ) = r ′(θ)CTEq[X ]− q′(θ)
 q(θ),
 from which we easily deduce that
 CTEq[X ] =1
 r ′(θ)
 ∂
 ∂θlog S(xq; θ) +
 q′(θ)
 r ′(θ)q(θ)
 that completes the proof.
 Example 1.14 (CTE for gamma as a member of LEF)
 Let X v Ga(γ, θ). Use the fact that it is in LEF to derive theCTE risk measure.
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 Solution
 Gamma is in LEF with r(θ) = −1/θ, p(x) = xγ−1/Γ(γ) andq(θ) = θγ . Thus we have that
 r ′(θ) = θ−2,
 and also
 µ(θ) =q′(θ)
 r ′(θ)q(θ)=γθγ−1
 θγ−2 = γθ.
 Furthermore, we have that for the cdf of gamma G(·; γ, θ)
 S(xq; θ) = 1−G(xq; γ, θ) = 1−G(xq/θ; γ)
 because
 gamma is in the scale family with scale parameter θ.Furthermore,
 ∂
 ∂θ
 ∫ ∞xq/θ
 e−xxγ−1
 Γ(γ)dx =
 xq
 θ2e−xq/θ(x/θ)γ−1
 Γ(γ).
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 Solution
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 Solution (cont.)After all, we have the CTE risk measure given by
 CTEq[X ] =1
 r ′(θ)
 ∂
 ∂θlog S(xq; θ) +
 q′(θ)
 r ′(θ)q(θ)
 = γθ + xq1
 S(xq/θ; θ)
 e−xq/θ(x/θ)γ−1
 Γ(γ)
 = γθ + xqh(xq/θ)
 with h(·) a hazard function of a Ga(γ,1) random variable.
 Which random variable we have already seen to possess aCTE of the form similar to the one above?We have proved that for X v Ga(γ, θ),
 CTEq[X ] = E[X ]1−G(xq; γ + 1, θ)
 1−G(xq; γ, θ).
 Make sure you can show the equivalence of the two.
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 Solution (cont.)After all, we have the CTE risk measure given by
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 Definition 1.10 (Univariate elliptical family)
 We shall say that X v E(a,b) is a univariate elliptical randomvariable if when X has a density, it is given by the form
 f (x) =cb
 g
 (12
 (x − a
 b
 )2), x ∈ R,
 where g : [0,∞)→ [0,∞) such that
 ∫ ∞0
 x−1/2g(x)dx <∞.
 Both the expectation and the variance can be infinite. Forinstance, to assure that the expectation is finite it must be∫ ∞
 0g(x)dx <∞,
 (change of variables in the integral for the mean).
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 f (x) =cb
 g
 (12
 (x − a
 b
 )2), x ∈ R,
 where g : [0,∞)→ [0,∞) such that∫ ∞0
 x−1/2g(x)dx <∞.
 Both the expectation and the variance can be infinite. Forinstance, to assure that the expectation is finite it must be∫ ∞
 0g(x)dx <∞,
 (change of variables in the integral for the mean).
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 Proposition 1.10
 Let X v E(a,b) that has a density as before. The normalizingconstant is then
 c =
 (√2∫ ∞
 0x−1/2g(x)dx
 )−1
 .
 Proof.From the fact that f (x) is a density it must be that∫ ∞
 −∞f (x)dx =
 cb
 ∫ ∞−∞
 g
 (12
 (x − a
 b
 )2)
 dx
 = c∫ ∞−∞
 g(
 12
 u2)
 du = 2c∫ ∞
 0g(
 12
 u2)
 du
 noticing that we have an integral of an even function. Further by
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 Proof.
 simple change of variables z = u2/2, we have that∫ ∞−∞
 f (x)dx = 2c∫ ∞
 0(2z)−1/2g (z) dz
 =√
 2c∫ ∞
 0z−1/2g (z) dz = 1.
 From which
 c =1√2
 (∫ ∞0
 z−1/2g (z) dz)−1
 ,
 as required.
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 Example 1.15 (Normal rv as a member of the elliptical family)
 Let g(x) = e−x , then
 f (x) =cb
 exp
 {−
 (12
 (x − a
 b
 )2)}
 , x ∈ R
 which is a normal density, and the normalizing constant is
 c =1√2
 (∫ ∞0
 x−1/2e−xdx)−1
 =
 1√2
 (Γ
 (12
 ))−1
 =1√2π.
 Hint: to calculate Γ(1/2) change variables into x = t2/2 and goto the ‘normal’ integral.
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 Example 1.16
 Let g(x) =(
 1 + xkp
 )−p, where p > 1/2 and kp is a constant
 such that
 kp =
 {(2p − 3)/2, p > 3/21/2, 1/2 < p ≤ 3/2
 The density is then
 f (x) =cb
 (1 +
 (x − a)2
 2kpb2
 )−p
 , x ∈ R.
 To find c, we have to evaluate the integral∫ ∞0
 z−1/2g(z)dz =
 ∫ ∞0
 z−1/2(1 + z/kp)−pdz,
 that after a change of variables becomes
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 Solution ∫ ∞0
 z−1/2g(z)dz =
 ∫ ∞0
 k1/2p u−1/2(1 + u)−pdu
 or in other words∫ ∞0
 z−1/2g(z)dz = k1/2p
 ∫ ∞0
 u1/2−1
 (1 + u)1/2+p−1/2 du
 = k1/2p B
 (12,p − 1
 2
 ).
 Thus the normalizing constant is
 c =
 (√2kpB
 (12,p − 1
 2
 ))−1
 .
 The density of a student-t rv is then
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 Solution
 f (x) =1
 b√
 2kpB(1
 2 ,p −12
 ) (1 +(x − a)2
 2kpb2
 )−p
 , x ∈ R.
 Elliptical distributions belong to the location-scale family(check at home).Note that for p →∞, the student-t distribution abovebecomes a normal distribution.
 Also, for p = 1, we have the Cauchy distribution, whichdoes not have a mean.Let G(x) = c
 ∫ x0 g(y)dy and let G(x) = G(∞)−G(x), then
 we have the following proposition that establishes the formof the CTE risk measure with xq = VaRq[X ].
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 Proposition 1.11
 Let X v E(µ, β) (i.e., it has finite mean µ). Then
 CTEq[X ] = µ+ λβ2,
 where
 λ =1β
 G(
 12
 (xq−µβ
 )2)
 SX (xq).
 Proof.By definition, for zq = (xq − µ)/β, we have that
 CTEq[X ] =1
 SX (xq)
 ∫ ∞xq
 xcβ
 g
 (12
 (x − µβ
 )2)
 dx
 =1
 SX (xq)
 ∫ ∞zq
 c(µ+ βz)g(
 12
 z2)
 dz.
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 Proof.Further,
 CTEq[X ] = µ+1
 SX (xq)
 ∫ ∞zq
 cβzg(
 12
 z2)
 dz
 = µ+1
 SX (xq)
 ∫ ∞12 z2
 q
 cβg (u) du
 = µ+β
 SX (xq)
 ∫ ∞12 z2
 q
 cg (u) du
 = µ+ β2 1/βSX (xq)
 G(
 12
 z2q
 ),
 which completes the proof.
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 We have so far seen distributions and families ofdistributions which are used to describe risks’ amounts.It is important to model the number of risks received by aninsurer. For this purpose we shall turn to ‘counting’distributions.Recall that the pgf is
 P(z) = E[zX ] =∑
 x
 zxp(x)
 and
 dm
 dzm P(z) = E[
 dm
 dzm zX]
 = E[X (X−1) · · · (X−m+1)zX−m].
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 Example 1.17 (Poisson distribution)
 We consider the Poisson X v Po(λ), λ > 0 rv. The pmf is
 P[X = x ] =e−λλx
 x!, x = 0,1,2, . . . ,
 The pgf is
 P(z) = E[zX ] =∞∑
 x=0
 e−λ(zλ)x
 x!= exp{−λ(1− z)}.
 Also:
 E[X ] =ddz
 P(z)|1 = λ,
 E[X (X − 1)] =d2
 dz2 P(z)|1 = λ2,
 Var[X ] = E[X (X − 1)] + E[X ]− E2[X ] = λ2 + λ− λ2 = λ.
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 Proposition 1.12Let X1, . . . ,Xn be interdependent Poisson rv’s. ThenS = X1 + · · ·+ Xn is Poisson with λ = λ1 + · · ·+ λn.
 Proof.
 PS(z) = E[zS] = E[zX1+···+Xn ] =
 n∏j=1
 E[zXj ]
 =n∏
 j=1
 exp{λj(z − 1)} = exp
 n∑
 j=1
 λj(z − 1)
 ,
 which completes the proof.
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 Proposition 1.13
 Let the number of risks be X v Po(λ). Also, let each risk beclassified into m types with probabilities pj , j = 1, . . . ,mindependent of all others. Then we have that Xj v Po(λpj),j = 1, . . . ,m and they are independent.
 Proof.We have that
 P[X1 = x1, . . . ,Xm = xm]
 = P[X1 = x1, . . . ,Xm = xm|X = x ]P[X = x ].
 Here the conditional probability is multinomial by its definition,thus for x = x1 + · · ·+ xm
 P[X1 = x1, . . . ,Xm = xm]
 =x!
 x1! · · · xm!px1
 1 · · · pxmm
 e−λλx
 x!.
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 Proof.Hence
 P[X1 = x1, . . . ,Xm = xm]
 =1
 x1! · · · xm!px1
 1 · · · pxmm e−λλx1+···+xm
 =1
 x1! · · · xm!(λp1)x1 · · · (λpm)xme−
 ∑mj=1 λpj
 =m∏
 j=1
 eλpj (λpj)xj
 xj !.
 Further, the marginal pmf is
 P[Xj = xj ]
 =∞∑
 x=xj
 P[Xj = xj ,X = x ] =∞∑
 x=xj
 P[Xj = xj |X = x ]P[X = x ].
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 Proof.And because any univariate margin of a multinomial distributionis binomial one, we have that
 P[Xj = xj ]
 =∞∑
 x=xj
 x!
 xj !(x − xj)!pxj
 j (1− pj)x−xj
 e−λλx
 x!
 =∞∑
 x=xj
 1xj !(x − xj)!
 pxjj (1− pj)
 x−xj e−λλx+xj−xj
 =(λpj)
 xj
 xj !
 ∞∑x=xj
 1(x − xj)!
 (1− pj)x−xj e−λλx−xj
 =(λpj)
 xj
 xj !
 ∞∑k=0
 1k !
 (λ(1− pj))ke−λ = e−λeλ(1−pj )(λpj)
 xj
 xj !,
 as required.
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Actuarial models
 Definition 1.11 (Infinitely divisible distributions)A distribution of X is said to be infinitely divisible if for everyn = 1,2, . . . , it is possible to decompose X into n iidcomponents as
 X = X1 + · · ·+ Xn.
 Which infinitely divisible distributions do you know?
 Example 1.18
 Think of X v Ga(γ, α). Then
 X = X1 + · · ·+ Xn,
 where Xi , i = 1, . . . ,n is Ga(γ/n, α).
 Note that for infinitely divisible distributions
 MX (t) =(MX1(t)
 )n.
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Actuarial models
 Example 1.19 (Negative binomial distribution)
 We further consider the negative binomial risk X v NB(α,p).The pmf is
 P[X = x ] =Γ(α + x)
 Γ(α)x!pα(1− p)x , x = 0,1,2, . . .
 or for positive integer α we have
 P[X = x ] =
 (α + x − 1
 x
 )pα(1− p)x , x = 0,1,2, . . .
 Example 1.20
 The pgf of X v NB(α,p) is
 PX (z) =
 ((1− z(1− p))
 p
 )−α.
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Actuarial models
 SolutionBy definition
 E[zX ] =∞∑
 x=0
 zx Γ(α + x)
 Γ(α)x!pα(1− p)x
 =∞∑
 x=0
 Γ(α + x)
 Γ(α)x!pα(z(1− p))x .
 Thus we have that say 1− p∗ = z(1− p) from whichp∗ = 1− z(1− p). Hence
 E[zX ]
 =
 ((1− z(1− p))
 p
 )−α ∞∑x=0
 Γ(α + x)
 Γ(α)x!(p∗)α(1− p∗)x
 =
 ((1− z(1− p))
 p
 )−α.
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Actuarial models
 Note that the above pgf is an α fold product of a pgf of ageometric random variable
 (NB with α = 1).
 Example 1.21
 Let X v NB(α,p), then
 P ′X (z) = α
 ((1− z(1− p))
 p
 )−α−1 1− pp
 ,
 and henceE[X ] = α
 1− pp
 .
 Also
 P ′X (z) = α(α− 1)
 ((1− z(1− p))
 p
 )−α−2(1− pp
 )2
 ,
 and as far as
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Actuarial models
 Example - cont.
 Var[X 2] = E[X (X − 1)] + E[X ]− E2[X ]
 andP ′′X (z)|z=1 = E[X (X − 1)],
 we find thatVar[X ] = α
 1− pp2 .
 Proposition 1.14Negative binomial is a mixture of a Poisson distribution withrandom parameter distributed gamma.
 Proof.Let us take X |Λ v Po(Λ) and Λ v Ga(α,p/(1− p)). We wish tofind the distribution of X . Thus
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 Proof.
 P[X = x ]
 =
 ∫ ∞0
 P[X = x |Λ = λ]P[Λ = λ]dλ
 =
 ∫ ∞0
 e−λλx
 x!
 e−p
 1−pλλα−1(
 p1−p
 )αΓ(α)
 dλ
 =1
 Γ(α)x!
 (p
 1− p
 )α ∫ ∞0
 λα+x−1 exp{− p
 1− pλ− λ
 }dλ
 =Γ(α + x)(1− p)α+x
 Γ(α)x!
 (p
 1− p
 )α
 ×∫ ∞
 0
 (1
 1−p
 )α+xλα+x−1 exp
 {− λ
 1−p
 }Γ(α + x)
 dλ
 that is just
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 Proof.
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 Proof.
 P[X = x ] =Γ(α + x)
 Γ(α)x!pα(1− p)x
 and thus it is an NB(α,p) as required.
 Proposition 1.15The Poisson distribution is a limiting case of the negativebinomial one.
 Proof.Let β = (1− p)/p and thus 1/p = β + 1. We assume thatα→∞ and β → 0 such that βα→ λ. Then
 PX (z) =
 (1− z(1− p)
 p
 )−α= (1− β(z − 1))−α.
 Thus going to the limit, we have that
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Actuarial models
 cont.
 limα→∞
 PX (z) = limα→∞
 (1− λ(z − 1)
 α
 )−α
 = exp{− limα→∞
 α log(
 1− λ(z − 1)
 α
 )}= exp
 {− limα→∞
 log (1− λ(z − 1)/α)
 α−1
 }= exp
 {limα→∞
 (1− λ(z − 1)/α)−1 (λ(z − 1))α−2
 α−2
 }
 = exp{
 limα→∞
 αλ(z − 1)
 α− λ(z − 1)
 }= eλ(z−1),
 which is a pgf of Poisson and thus completes the proof (Usingimplicitly the continuity theorem.)
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Actuarial models
 Example 1.22 (Binomial distribution)
 We shall discuss the binomial distribution X v Bin(n,p) withthe pmf
 P[X = x ] =
 (nx
 )px (1− p)n−x , x = 0,1, . . . ,n.
 The pgf is
 PX (z) =n∑
 x=0
 (nx
 )(zp)x (1− p)n−x = (1− p + zp)n.
 ThenP ′X (z) = n(1− p + zp)n−1p
 and thusE[X ] = np.
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Actuarial models
 Example - cont.Also,
 P ′′X (z) = n(n − 1)(1− p + zp)n−2p2.
 And
 Var[X ] = n(n − 1)p2 + np − n2p2 = np(1− p).
 Poisson distribution has a property that E[X ] = Var[X ].Negative binomial has a property that E[X ] < Var[X ].Binomial distribution has a property that E[X ] > Var[X ].
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 Definition 1.12 (The (a,b,0) class of distributions)
 Let pk = P[X = k ] be a pmf of a discrete random variable. Thisrandom variable belongs to the (a,b,0) class provided thatthere exist constants a and b such that
 pk
 pk−1= a +
 bk, k = 1,2, . . .
 Note that p0 can be calculated because the sum of allprobabilities should be 1.
 Example 1.23
 Let X v Po(λ). Then for k = 1,2, . . . ,
 pk
 pk−1=
 (k − 1)!λk
 k !λk−1 =λ
 k
 and p0 = e−λ.
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 Definition 1.12 (The (a,b,0) class of distributions)
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 For β/(1 + β) = 1− p, we have the following table for the(a,b,0) class:
 Distribution a b p0Poisson 0 λ e−λ
 Binomial − q1−q (n + 1) q
 1−q (1− q)n
 Negative Binomial β1+β (α− 1) β
 1+β (1 + β)−α
 Geometric β1+β 0 (1 + β)−1
 Note that the recursion is rewritten as
 kpk
 pk−1= a · k + b, k = 1,2, . . .
 Plotting k p̂kp̂k−1
 against k and using the table we have a ruleto decide which counting distribution is to be used.
 Edward Furman Risk theory 4280 67 / 87

Page 209
						

Actuarial models
 For β/(1 + β) = 1− p, we have the following table for the(a,b,0) class:
 Distribution a b p0Poisson 0 λ e−λ
 Binomial − q1−q (n + 1) q
 1−q (1− q)n
 Negative Binomial β1+β (α− 1) β
 1+β (1 + β)−α
 Geometric β1+β 0 (1 + β)−1
 Note that the recursion is rewritten as
 kpk
 pk−1= a · k + b, k = 1,2, . . .
 Plotting k p̂kp̂k−1
 against k and using the table we have a ruleto decide which counting distribution is to be used.
 Edward Furman Risk theory 4280 67 / 87

Page 210
						

Actuarial models
 For β/(1 + β) = 1− p, we have the following table for the(a,b,0) class:
 Distribution a b p0Poisson 0 λ e−λ
 Binomial − q1−q (n + 1) q
 1−q (1− q)n
 Negative Binomial β1+β (α− 1) β
 1+β (1 + β)−α
 Geometric β1+β 0 (1 + β)−1
 Note that the recursion is rewritten as
 kpk
 pk−1= a · k + b, k = 1,2, . . .
 Plotting k p̂kp̂k−1
 against k and using the table we have a ruleto decide which counting distribution is to be used.
 Edward Furman Risk theory 4280 67 / 87

Page 211
						

Actuarial models
 An adjustment for the probability at 0, i.e., for p0 issometimes required.
 Definition 1.13 (The (a,b,1) class of distributions)
 Let pk be a pmf of a discrete random variable. It is then said tobelong to the (a,b,1) class if there exist constants a and bsuch that
 pk
 pk−1= a +
 bk, k = 2,3, . . .
 Discrete distributions P[X = k ].Zero truncated distributions pT
 k are discrete distributionssuch that P[X = 0] = p0 = 0.Zero modified distributions pM
 k are discrete distributionssuch that P[X = 0] is the modified p0 from the (a,b,0)class.Zero modified distribution can be a zero truncateddistribution.
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 Proposition 1.16The zero-modified distributions can be viewed as the weightedaverage of an (a,b,0) distribution and a degenerate distributionwith all the probability mass at zero.
 Proof.First note that
 pMk = c · pk , k = 1,2, . . .
 and pM0 is an arbitrary number. Then the pgf of a modified at
 zero random variable is
 PM(z) =
 ∞∑k=0
 pMk zk = pM
 0 +∞∑
 k=1
 pMk zk
 = pM0 + c
 ∞∑k=1
 pkzk = pM0 + c(P(z)− p0).
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 Proof.Moreover, we can evaluate the constant c because
 PM(1) = P(1) = 1 =
 pM0 + c(1− p0),
 thus leading to
 c =1− pM
 01− p0
 orpM
 0 = 1− c(1− p0).
 Hence, after all
 PM(z) = pM0 +
 1− pM0
 1− p0(P(z)− p0)
 =
 (1−
 1− pM0
 1− p0
 )· 1 +
 (1− pM
 01− p0
 )P(z).
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 Proposition 1.17The zero modified random variable is a weighted average of thezero truncated rv from the (a,b,0) class and a degenerate one.
 Proof.
 Using the previous proposition by setting pM0 = 0, we have that
 PT (z) =
 (1− 1
 1− p0
 )· 1 +
 (1− 01− p0
 )P(z)
 =
 (P(z)− p0
 1− p0
 )and
 pTk =
 11− p0
 pk , k = 1,2, . . .
 because
 pMk =
 1− pM0
 1− p0pk , k = 1,2, . . .
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 Proof.Furthermore,
 PM(z) = pM0 +
 1− pM0
 1− p0(P(z)− p0)
 = pM0 · 1 + (1− pM
 0 )PT (z)
 that completes the proof.
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 Example 1.24We have the following accidents’ table for the 9,461 automobileinsurance policies.
 Number of accidents k Number of policies nk k nknk−1
 0 7,8401 1,317 0.172 239 0.363 42 0.534 14 1.335 4 1.436 4 6.007 1 1.758+ 0Total 9,461
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 Example - cont.
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 Proposition 1.18 (Compounded distribution)
 Let N be a counting random variable with the pgf PN(z), and letM1,M2, . . . , be iid counting random variables independent on Nand having the pgf PM(z). Then the pgf of the random sumS = M1 + M2 + · · ·+ MN is
 PS(z) = PN(PM(z)).
 Proof.
 PS(z) =
 ∞∑k=0
 P[S = k ]zk =∞∑
 k=0
 ∞∑n=0
 P[S = k ,N = n]zk
 =∞∑
 k=0
 ∞∑n=0
 P[S = k |N = n]P[N = n]zk
 =∞∑
 n=0
 ∞∑k=0
 P[M1 + · · ·+ MN = k |N = n]P[N = n]zk
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 Proof.Further we have that
 PS(z) =∞∑
 n=0
 P[N = n]∞∑
 k=0
 P[M1 + · · ·+ Mn = k ]zk
 =
 ∞∑n=0
 P[N = n]E[zM1+···Mn ]
 =∞∑
 n=0
 P[N = n] (PM(z))n
 = PN(PM(z)),
 and thus completes the proof.
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 Proposition 1.19Suppose that Si has a compound Poisson distribution withparameters λi and secondary distribution qi , i = 1,2, . . . ,n.Also, let S1, S2, . . . ,Sk be mutually independent. ThenS = S1 + · · ·+ Sk is a compound Poisson with λ = λ1 + · · ·+ λkand secondary distribution with pmf q = (λ1q1 + · · ·+ λkqk )/λ.
 Proof.Let Qi(z) denote the PGF of qi . Then
 because of the previousproposition we have that the PGF of Si is
 PSi (z) = exp {λi(Qi(z)− 1)} .
 Also
 PS(z) = E[zS] =k∏
 i=1
 PSi (z) =k∏
 i=1
 exp {λi(Qi(z)− 1)} .
 Edward Furman Risk theory 4280 78 / 87

Page 240
						

Actuarial models
 Proposition 1.19Suppose that Si has a compound Poisson distribution withparameters λi and secondary distribution qi , i = 1,2, . . . ,n.Also, let S1, S2, . . . ,Sk be mutually independent. ThenS = S1 + · · ·+ Sk is a compound Poisson with λ = λ1 + · · ·+ λkand secondary distribution with pmf q = (λ1q1 + · · ·+ λkqk )/λ.
 Proof.Let Qi(z) denote the PGF of qi . Then because of the previousproposition we have that the PGF of Si is
 PSi (z) = exp {λi(Qi(z)− 1)} .
 Also
 PS(z) = E[zS] =k∏
 i=1
 PSi (z) =k∏
 i=1
 exp {λi(Qi(z)− 1)} .
 Edward Furman Risk theory 4280 78 / 87

Page 241
						

Actuarial models
 Proposition 1.19Suppose that Si has a compound Poisson distribution withparameters λi and secondary distribution qi , i = 1,2, . . . ,n.Also, let S1, S2, . . . ,Sk be mutually independent. ThenS = S1 + · · ·+ Sk is a compound Poisson with λ = λ1 + · · ·+ λkand secondary distribution with pmf q = (λ1q1 + · · ·+ λkqk )/λ.
 Proof.Let Qi(z) denote the PGF of qi . Then because of the previousproposition we have that the PGF of Si is
 PSi (z) = exp {λi(Qi(z)− 1)} .
 Also
 PS(z) =
 E[zS] =k∏
 i=1
 PSi (z) =k∏
 i=1
 exp {λi(Qi(z)− 1)} .
 Edward Furman Risk theory 4280 78 / 87

Page 242
						

Actuarial models
 Proposition 1.19Suppose that Si has a compound Poisson distribution withparameters λi and secondary distribution qi , i = 1,2, . . . ,n.Also, let S1, S2, . . . ,Sk be mutually independent. ThenS = S1 + · · ·+ Sk is a compound Poisson with λ = λ1 + · · ·+ λkand secondary distribution with pmf q = (λ1q1 + · · ·+ λkqk )/λ.
 Proof.Let Qi(z) denote the PGF of qi . Then because of the previousproposition we have that the PGF of Si is
 PSi (z) = exp {λi(Qi(z)− 1)} .
 Also
 PS(z) = E[zS] =
 k∏i=1
 PSi (z) =k∏
 i=1
 exp {λi(Qi(z)− 1)} .
 Edward Furman Risk theory 4280 78 / 87

Page 243
						

Actuarial models
 Proposition 1.19Suppose that Si has a compound Poisson distribution withparameters λi and secondary distribution qi , i = 1,2, . . . ,n.Also, let S1, S2, . . . ,Sk be mutually independent. ThenS = S1 + · · ·+ Sk is a compound Poisson with λ = λ1 + · · ·+ λkand secondary distribution with pmf q = (λ1q1 + · · ·+ λkqk )/λ.
 Proof.Let Qi(z) denote the PGF of qi . Then because of the previousproposition we have that the PGF of Si is
 PSi (z) = exp {λi(Qi(z)− 1)} .
 Also
 PS(z) = E[zS] =k∏
 i=1
 PSi (z) =k∏
 i=1
 exp {λi(Qi(z)− 1)} .
 Edward Furman Risk theory 4280 78 / 87

Page 244
						

Actuarial models
 Proof.This is equivalent to
 PS(z) = exp
 {k∑
 i=1
 λiQi(z)−k∑
 i=1
 λi
 }
 = exp
 {λ
 (k∑
 i=1
 λi
 λQi(z)− 1
 )}= exp {λ (Q(z)− 1)} ,
 where λ = λ1 + · · ·+ λk and Q(z) =∑k
 i=1 λiQi(z)/λ. Theresult therefore follows because e.g.
 λi
 λQi(z) =
 λi
 λ
 ∞∑j=0
 qi(j)z j =∞∑
 j=0
 λi
 λqi(j)z j .
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 i=1 λiQi(z)/λ. Theresult therefore follows because e.g.
 λi
 λQi(z) =
 λi
 λ
 ∞∑j=0
 qi(j)z j =∞∑
 j=0
 λi
 λqi(j)z j .
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 Proof.This is equivalent to
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Actuarial models
 Definition 1.14 (Collective risk model)The collective risk model has the representationS = X1 + · · ·XN , N = 0,1, . . . with Xi being iid rv’s independenton N.
 Definition 1.15 (Individual risk model)The individual risk model represents the aggregate loss as asum S = X1 + · · ·+ Xn of a fixed number n of insurancecontracts. Here X1, . . . ,Xn are independent but not identicallydistributed.
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Actuarial models
 Example 1.25Let both M and N be Poisson distributions. Then
 PN(z) = eλ1(z−1)
 andPM(z) = eλ2(z−1).
 HencePS(z) = eλ1(eλ2(z−1)−1).
 Proposition 1.20
 If the distribution of N is a member of the (a,b,0) class then fork = 1,2, . . ., we have that
 P[S = k ] =1
 1− aP[M = 0]
 k∑j=1
 (a +
 bjk
 )P[M = j]P[S = k − j].
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 Proof.First note that when N is in (a,b,0) then
 pk = pk−1
 (a +
 bk
 ), k = 1,2, . . .
 from which
 npn = npn−1a + npn−1bn
 = a(n − 1)pn−1 + (a + b)pn−1.
 Multiplying each side by (PM(z))n−1 P ′M(z) and summing overn
 ∞∑n=1
 npn (PM(z))n−1 P ′M(z)
 = a∞∑
 n=1
 (n − 1)pn−1 (PM(z))n−1 P ′M(z)
 + (a + b)∞∑
 n=1
 pn−1 (PM(z))n−1 P ′M(z).Edward Furman Risk theory 4280 82 / 87
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Actuarial models
 Proof.Noticing that PS(z) =
 ∑∞n=0 pn(PM(z))n and hence
 P ′S(z) =∑∞
 n=0 npn(PM(z))n−1P ′M(z), we have that
 ∞∑n=1
 npn (PM(z))n−1 P ′M(z) = P ′S(z)
 = a∞∑
 n=1
 (n − 1)pn−1 (PM(z))n−1 P ′M(z)
 + (a + b)∞∑
 n=1
 pn−1 (PM(z))n−1 P ′M(z)
 = a∞∑
 n=0
 npn (PM(z))n P ′M(z)
 + (a + b)∞∑
 n=0
 pn (PM(z))n P ′M(z).
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Actuarial models
 Proof.Thus
 P ′S(z) = aP ′S(z)PM(z) + (a + b)PS(z)P ′M(z).
 Also expanding in power of z with gk and fk being the pmf’s ofS and M, respectively
 ∞∑k=0
 gkkzk−1 = a
 ( ∞∑k=0
 fkzk
 )( ∞∑k=0
 gkkzk−1
 )
 + (a + b)
 ( ∞∑k=0
 fkkzk−1
 )( ∞∑k=0
 gkzk
 )
 Further recall that( ∞∑k=0
 ak
 )( ∞∑k=0
 bk
 )=∞∑
 k=0
 k∑j=0
 ajbk−j ,
 which is the Cauchy product. Using this we have thatEdward Furman Risk theory 4280 84 / 87
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Actuarial models
 Proof.
 ∞∑k=0
 gkkzk−1 = a∞∑
 k=0
 k∑j=0
 fjgk−j(k − j)
 zk−1
 + (a + b)∞∑
 k=0
 k∑j=0
 jfjgk−j
 zk−1.
 Further notice that the coefficient of zk−1 for k = 1,2, . . . mustbe equal and therefore it follows that
 kgk = ak∑
 j=0
 fjgk−j(k − j) + (a + b)k∑
 j=0
 jfjgk−j ,
 which can be simplified to yield
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Actuarial models
 Proof.
 kgk = akf0gk + ak∑
 j=1
 fjgk−j(k − j) + (a + b)k∑
 j=1
 jfjgk−j
 = akf0gk + akk∑
 j=1
 fjgk−j + bk∑
 j=1
 jfjgk−j .
 Slight rearrangement of the above results in
 gk (1− af0) = ak∑
 j=1
 fjgk−j +bk
 k∑j=1
 jfjgk−j
 =k∑
 j=1
 (a +
 bjk
 )fjgk−j ,
 that after dividing each part by (1− af0) completes theproof. Edward Furman Risk theory 4280 86 / 87
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Actuarial models
 Proposition 1.21The starting value for the recursion established in the previousproposition is
 g0 = PN(f0),
 where f0 = P[M = 0].
 Proof.We have that
 g0 = P[S = 0] = PS(0) =
 PN(PM(0)) = PN(P[M = 0]),
 which completes the proof.
 Edward Furman Risk theory 4280 87 / 87
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 Proposition 1.21The starting value for the recursion established in the previousproposition is
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 Proposition 1.21The starting value for the recursion established in the previousproposition is
 g0 = PN(f0),
 where f0 = P[M = 0].
 Proof.We have that
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 which completes the proof.
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