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Lecture notes 13: ANOVA (a.k.a. Analysis of Variance)
 1
 Outline:
 • Testing for a difference in means • Notation • Sums of squares • Mean squares • The F distribution • The ANOVA table • Part II: multiple comparisons • Worked example
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Testing for a difference in more than two means
 • Previously we have seen how to test for a difference in two means, using a 2 sample t-test. But what if we want to test to see if there are differences in a set of more than two means?
 • The tool for doing this is called ANOVA, which is short for “analysis of variance”.
 2
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3
 How to detect differences in means: two cases
 • In both of these cases, the sample means for the three boxplots are about 5, 10, and 15, respectively. In the first case, it seems clear that the true means must also differ. In the second case, this isn’t so clear.
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4
 • In other words, did these three boxplots come from populations with the same mean, or with different means?
 or ?
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5
 Using variance to test for a difference in means
 • The thing that makes these two cases so different is that in the first, the data is not very spread out, while in the second it is. More variation reflects greater uncertainty regarding the values of the true unknown means.
 • With ANOVA, we compare average “between group” variance to average “within group” variance.
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6
 Using variance to test for a difference in means
 • If the average amount of variation between the groups is substantially larger than the average amount of variation within the groups, then the true group means likely differ. If not, then we cannot rule out that they are equal.
 • As you might guess, we will make this decision using a hypothesis test. For ANOVA, we have:
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N Mean StDev Chow 19 605.63 49.64 Restricted 16 657.31 50.68 Extended 15 691.13 63.41
 Male lab rats were randomly assigned to 3 groups differing in access to food for 40 days. The rats were weighed (in grams) at the end.
 • Group 1: access to chow only. • Group 2: chow plus access to cafeteria food restricted to 1 hour every day. • Group 3: chow plus extended access to cafeteria food (all day long every
 day).
 Cafeteria food: bacon, sausage, cheesecake, pound cake, frosting and chocolate
 Does the type of food access influence the body weight of male lab rats significantly? H0: µchow = µrestricted = µextended
 Ha: H0 is not true (at least one mean µ is different from at least one other mean µ)
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8
 The ANOVA table
 • All of the information regarding this ANOVA procedure can be summarized in an ANOVA table:
 Source of variation df Sum of squares Mean square F statistic
 Treatment k-1 SSTr MSTr = SSTr/(k-1) F = MSTr/MSE
 Error N-k SSE MSE = SSE/(N-k)
 Total N-1 SSTo
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9
 Notation• We will be using the following notation in our
 calculations.
 1 k
 1 k
 1 k
 1 k
 k: # of groupsµ...µ: true means (groups 1 through k )x...x: sample means (groups 1 throug h k )s. . .s: sample standard deviations (g roups 1 t h rough k )n . . . n : s a m p l e
 1 2
 1 1 2 2
 s izes (groups 1 through k)N: Overall sample size for a l l g r o u p s c o m b i n e d ( . . . )T: Sum of all data from all g r o u p s ( . . . )x: Grand mean
 k
 k k
 N n n nT n x n x n x
 = + + +
 = + + +
 o f a l l d a t a f r o m a l l g r o u p s ( / )x T N=
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10
 Sums of squares• “Sums of squares” refers to sums of squared deviations from some mean. ANOVA compares “between” to “within” group variation, and
 these types of variation are quantified using sums of squares. The three important sums of squares we will consider are:
 SSTo: Total sums of squares SSTr: Treatment sums of squares
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11
 Total sum of squares
 • Total sum of squares is calculated by summing up the squared deviations of every point in the data from the grand mean.
 • This quantifies the amount of overall variation in the data, for all of the groups put together.
 • The degrees of freedom associated with SSTo are
 2( )S S T o x x= −∑
 1d f N= −
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12
 Treatment sum of squares
 • Treatment sum of squares is calculated by summing the squared deviations of each sample mean from the grand mean.
 • This quantifies how much the sample means vary. It is what we are referring to when we say “between group variation”.
 • The degrees of freedom associated with SSTr are
 2 2 21 1 2 2( ) ( ) . . . ( )k kS S T r n x x n x x n x x= − + − + + −
 1d f k= −
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13
 Error sum of squares
 • Error sum of squares is calculated by added up the squared deviations of each data point around its group mean.
 • This quantifies how much the data varies around its group sample means. It is what we are referring to when we say “within group variation”.
 2 2 21 1 2 2S S E ( 1 ) ( 1 ) . . . ( 1 )k kn s n s n s= − + − + + −
 d f N k= −
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14
 Putting the sums of squares together
 SSTo = SSTr+SSE
 • In other words, we can express the total amount of variation as the sum of “between group variation” (SSTr) and “within group variation” (SSE).
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15
 Mean squares• A mean square is a sum of squares, divided by its associated degrees of freedom.
 • MSTr = mean square for treatments =
 1S S T rk −
 S S EN k−
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16
 The F distribution• The statistic we will calculate is:
 • This follows an F distribution, which is a ratio of two chi-square distributions. It looks like a chi-square distribution (skewed right). It has separate degrees of freedom for the numerator and for the denominator.
 t e s tM S T rFM S E
 =
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Using Table F
 The F distribution is asymmetrical and has two distinct degrees of freedom. This was discovered by Fisher, hence the label "F".
 Once again what we do is calculate the value of F for our sample data, and then look up the corresponding area under the curve in Table F.
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18
 The F distribution
 • To find a p-value based on an F statistic with your calculator, use
 • Which in this case is
 Fcdfa, b, numerator df, denominator( d f)
 ( )Fcdftest statistic, 1000, k - 1, N - k
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19
 The ANOVA table
 • All of the information regarding this ANOVA procedure can be summarized in an ANOVA table:
 Source of variation df Sum of squares Mean square F statistic
 Treatment k-1 SSTr MSTr = SSTr/(k-1) F = MSTr/MSE
 Error N-k SSE MSE = SSE/(N-k)
 Total N-1 SSTo
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20
 Assumptions of ANOVA•The ANOVA procedure makes two main assumptions:
 i. The population distribution of each group is normal ii. The population standard deviations of each group __are equal.

Page 21
						
						

21
 Assumptions of ANOVA• We cannot know for sure if our assumptions are met, but we can “eyeball” our data to make sure they aren’t being clearly violated.
 • If the data look approximately normal around each mean, and no sample standard deviation is more than twice as big as another, we’re probably in good shape.
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22
 ExampleA researcher who studies sleep is interested in the effects of ethanol on sleep time. She gets a sample of 20 rats and gives each an injection having a particular concentration of ethanol per body weight. There are 4 treatment groups, with 5 rats per treatment. She records REM sleep time for each rat over a 24-period. The results are plotted below:
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23
 Set up hypotheses• We’d like to use the ANOVA procedure to see if we have evidence that any of these means differ from the others. We’ll use a level of
 significance of 0.05.
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24
 T = N = x =
 Treatment Sample mean (!�Ⱪ)
 Sample standard deviation (s)
 1) 0 (control) 83.0 9.7 2) 1 g/kg 59.4 9.0 3) 2 g/kg 49.8 9.66 4) 4 g/kg 37.6 8.8
 And here are the relevant summary statistics:
 First, we find the grand sample mean:
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25
 The ANOVA table• Here is what we can fill out so far in the ANOVA table. The goal is to
 get all the information we need in order to compute the F statistic.
 Source of variation df Sum of squares Mean square F statistic
 Treatment 3 SSTr MSTr = SSTr/(3) F = MSTr/MSE
 Error 16 SSE MSE = SSE/(16)
 Total 19 SSTo
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26
 Calculate SSTr and SSE
 2 2 2 21 1 2 2 3 3 4 4( ) ( ) ( ) ( )S S T r n x x n x x n x x n x x= − + − + − + −
 =
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27
 Calculate SSTr and SSE
 2 2 2 21 1 2 2 3 3 4 4S S E ( 1 ) ( 1 ) ( 1 ) ( 1 )n s n s n s n s= − + − + − + −
 =
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28
 The ANOVA table• Now we can update our ANOVA table with these
 sums of squares.
 Source of variation df Sum of squares Mean square F statistic
 Treatment 3 MSTr = SSTr/(3) F = MSTr/MSE
 Error 16 MSE = SSE/(16)
 Total 19
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29
 Calculate MSTr, MSE, and F
 1
 S S T rM S T rk
 S S EM S EN k
 M S T rFM S E
 = =−
 = =−
 = =
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30
 The ANOVA table•Now we can finish filling in our ANOVA table
 Source of variation df Sum of squares Mean square F statistic
 Treatment 3
 Error 16
 Total 19
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31
 Compute the p-value• Now we have to see if our F statistic is “big” enough in order to reject H
 0. We do this the usual way: by finding the area under the F-
 distribution to the right of the test statistic, i.e. by finding the p-value.
 • Remember that the F distribution has both a numerator df and a denominator df. In this example, numerator df = 3 and denominator df = 16.
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32
 Results• This p-value is very small, so we reject H
 0 and conclude that at least one group’s average sleep time differs significantly from the
 others.
 • Note that this overall ANOVA test does not identify which means differ from which other means. It only tells us that at least one is significantly different from at least one other.
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One-way ANOVA: Chow, Restricted, Extended
 Source DF SS MS F P Factor 2 63400 31700 10.71 0.000 Error 47 139174 2961 Total 49 202573
 S = 54.42 R-Sq = 31.30% R-Sq(adj) = 28.37%
 Male lab rats were randomly assigned to 3 groups differing in access to food for 40 days. The rats were weighed (in grams) at the end.
 Does the type of access to food influence the body weight of lab rats significantly?
 MinitabChow Restricted Extended516 546 564547 599 611546 612 625564 627 644577 629 660570 638 679582 645 687594 635 688597 660 706599 676 714606 695 738606 687 733624 693 744623 713 780641 726 794655 736667690703
 N Mean StDev Chow 19 605.63 49.64 Restricted 16 657.31 50.68 Extended 15 691.13 63.41
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Male lab rats were randomly assigned to 3 groups differing in access to food for 40 days. The rats were weighed (in grams) at the end.
 Does the type of access to food influence the body weight of lab rats significantly? The test statistic is F = 10.71.
 12840F
 10.710.0001471
 F, df1=2, df2=47
 The F statistic (10.71) is large and the P-value is very small (<0.001). We reject H0. ➔ The population mean weights are not all the same; food access type influences weight significantly in male lab rats.
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