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IntroductionIntroductionDid you wash your hands with soap before eating ? Washing with soap eliminates most of the germs you‘ve eliminates most of the germs you ve managed to collect on your hands. Or does it ? A student decided to investigate just how effective washing
 ith i i li i ti b t i with soap is in eliminating bacteria. To do this she tested four different methods: washing with water only, washing with regular soap, washing g g p gwith antibacteria (ABS), and spraying hands with antibacterial spray (AS).
 She suspected that the number of pbacteria on her hands before washing might vary considerably from day to day.
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IntroductionIntroductionDid you wash your hands with soap before eating ? Washing with soap eliminates most of the germs you‘ve managed to collect on your hands. Or does it ? A student decided to investigate just how effective washing with soap is in eliminating bacteria To do this she soap is in eliminating bacteria. To do this she tested four different methods: washing with water only, washing with regular soap, washing with antibacteria (ABS), and spraying hands with antibacterial spray (AS).
 She suspected that the number of bacteria on her hands before washing might vary
 d bl f d dWe want to see, statistically, whether diff l h b d i considerably from day to day. differences as large as those observed in the experiment could naturally occur by chance in groups that have equal means.
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Are the Means of Several Groups Equals?Are the Means of Several Groups Equals?
 We used t-test to see whether two groups have equal means We
 But all is not lost. Even if the null hypothesis were true and two groups have equal means. We
 compared the differences in the means to a standard error
 null hypothesis were true, and the means of the populations underlying the groups were
 estimated from all the data. And when we were willing to assume that the underlying group
 equal, we‘d still expect the sample means to vary a bit.
 W ld th t y g g p
 variances were equal, we pooled the data from the two groups to find the standard error
 We could measure that variation by finding the variance of the means.
 find the standard error.
 Now we have more groups, so we can‘t just look at differences
 How much should they vary ?
 we can t just look at differences in the means.
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Are the Means of Several Groups Equals?Are the Means of Several Groups Equals?
 It‘s hard to see the difference in the means in these boxplots
 In contrast, the smaller the ariati n makes it m ch easier the means in these boxplots
 because the spreads are large relative to the differences in the
 variation makes it much easier to see the differences among the group means.
 means.
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How Different are They?How Different are They?
 • How much natural variation should we expect among the means if the null expect among the means if the null hypothesis were true ?
 • If the null hypothesis were true, then each of the treatment means would each of the treatment means would estimate the same underlying mean.
 • We can treat these estimate means as if they were observations and simply calculate their (sample) variance.
 • This variance is the measure we‘ll use to assess how different the group means are from each other.
 • The more the group means resemble each other, the smaller this variance will bebe.
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Back to BacteriaBack to BacteriaIf we treated the four means as observations and found the
 H0: μ1= μ2= μ3= μ4as observations and found the sample variance, we would get 1245.08. Is it a big value?
 The variance of a sample mean Level n Mean
 Alcohol spray 8 37.5
 pis σ2/n. 1245.08 should estimate this quantity. To estimate the variance of
 Antibacterial soap 8 92.5
 Soap 8 106.0
 estimate the variance of observations, σ2, we need to multiply 1245.08 with 8 = 9960 64Water 8 117.0 9960.64.
 Is 9960.64 large for this i ?variance?
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Back to BacteriaBack to BacteriaLevel n Mean Stdev Variance
 Alcohol spray 8 37.5 26.56 705.43 Pooled varianceAlcohol spray 8 37.5 26.56 705.43
 Antibacterial soap 8 92.5 41.96 1760.64
 Soap 8 106.0 46.96 2205.24 10.14104
 08.96924.220564.176043.7052
 =
 +++=ps
 Water 8 117.0 31.13 969.08
 The pooled variance estimate doesn’t depend h b l
 Traditionally 1410.10 is called the Error Mean Square or th Withi M S d on the treatment means being equal.
 But the estimate in which we took the four means as observations and took their
 the Within Mean Square and denoted by MSE.
 9960 64 is called the variance does (9960.64). That seems a lot bigger than 1410.10.
 Might this be evidence that the four means
 9960.64 is called the Treatment Mean Square or Between Mean Square and
 SMight this be evidence that the four means are not equal? denoted by MST.
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Comparing Variance of Two Normal DistributionsDistributions
 Occasionally, it is of interest to an experimenter to compare the variability of two populations especially when variability is variability of two populations, especially when variability is considered to be an important indicator of the performance of a treatment.
 A statistical procedure for comparing the variances of two populations relies on this set of assumptions
 (a) X1,…,Xn1 is a random sample from a normal population
 N(μ1,σ1)(μ1, 1)
 (b) Y1,…,Yn1 is a random sample from a normal population N(μ2, σ2)
 (c) The two samples are independent(c) The two samples are independent
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Comparing Variance of Two Normal DistributionsDistributions
 Inferences about the population i i ll b d h
 In particular, we may wish to h ll h h i h h variances is naturally based on the
 sample variances
 ( )21n
 test the null hypothesis that the population variances are equal. This can be stated
 ( )11
 1
 2
 21
 1
 −
 −
 =∑=
 n
 XXs i
 i
 1: 22
 21
 0 =σσH
 ( )22
 −∑ YYn
 iThe question is whether s1
 2/s22
 is too far from 1 to be
 2σ
 12
 122 −= =
 ns i explained by chance.
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Comparing Variance of Two Normal DistributionsDistributions
 F distribution
 If X1,…,Xn and Y1,…,Yn are independent random samples from the two normal population, N(μ1,σ1) and N(μ2,σ2) ,
 i l h h di ib i frespectively, then the distribution of
 ( ) ( )∑ −−1
 21122
 1n
 i nXXs
 σσ
 ( ) ( )∑=
 =
 −−
 ==2
 1
 222
 122
 22
 11
 1n
 ii
 i
 nYYssF
 σσσ
 is called an F distribution with d.f. = (n1 -1, n2 -1)
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Comparing Variance of Two Normal DistributionsDistributions
 F distribution has a long tail to h i h I h i d the right. Its shape is governed
 by the quantities n1 -1 and n2 -1 which are the degrees of 1, which are the degrees of freedom associated with s1
 2
 and s22, respectively.2 , p y
 If F has an F distribution with d f =(υ1 υ2) then the d.f. (υ1, υ2) then the reciprocalF* = 1/F has an F distribution with d.f. = .=(υ2, υ1)
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Comparing Variance of Two Normal DistributionsDistributions
 Lower 100α% point of F with d.f.= (υ1, υ2)
 ),(d.fwithofpoint%100Upper1
 12 υυα ==
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Comparing Variance of Two Normal DistributionsDistributions
 Reject 1:offavorin1: 2
 21
 12
 21
 0 ≠= HH σσ
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Comparing Variance of Two Normal DistributionsDistributions
 The uniformity in fiber density of knitting yarns manufactured by two spinning machines are to be compared. Each observation consists of taking a 100-yard length of yarn at random and measuring its weight. Suppose that 12 determinations of weight are made from the output of machine A weight are made from the output of machine A and that 10 are made from the output of machine B. The standard deviations of weight measurements are found to be 2.3 for machine A and 1.5 for machine B. a) Is there strong evidence that product
 variability is higher for machine A than machine B ? machine B ?
 b) Construct a 90% confidence interval for the ratio of the population standard deviations.
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Assumptions and ConditionsAssumptions and Conditions
 1. Independence AssumptionsTh b i d d f h h• The groups must be independent of each other
 • The data within each treatment group must be independent as well
 • Check: the Randomization Condition.
 2. Equal Variance Assumption
 • The ANOVA requires that the variances of the treatment groups be equal. To check this we can check th t th h Si il V i C ditithat the groups have Similar Variance Condition.
 3. Normal Population Assumption
 • Check a corresponding Nearly Normal Condition.
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Anova step-by-stepAnova step by step
 Side-by-side boxplots of four different containers for holding hot beverages are shown containers for holding hot beverages are shown below. The experimenter wanted to know which type of container would keep his hot beverages hot longest. To test it, he heated beverages hot longest. To test it, he heated water to a temperature of 1800F, placed it in the container, and then measured the temperature of the water again 30 minutes later. He randomized the order of the trials and tested each container 8 times. His response variable was the difference in temperature (in 00F) between the initial water temperature and the temperature after 30 minutes. Are these containers really perform differently?
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Anova step-by-stepAnova step by step
 Plot Plotth id
 Plan State what you
 We want to know whether there is any differencethe side-
 by-side boxplotsof the
 what you want to know and the null
 there is any difference among the four containers in their ability to maintain the temperature of a hot
 25
 20
 15
 atur
 e C
 hang
 e
 o t edata hypothesis
 you wish to test.
 liquid for 30 minutes. We’ll write μk for the mean temperature difference for container k so the null
 StarbucksSIGGNissanCUPPS
 10
 5
 0
 Tem
 pera
 container k, so the null hypothesis is that these means are all the same.H0: μ1 = μ2 = μ3 = μ40 μ1 μ2 μ3 μ4
 H1: the group means are not all equal
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Anova step-by-stepAnova step by step
 Plan Think about the assumptions and
 Randomization Condition: the experimenter performed the trials in random orderassumptions and
 check the conditionsthe trials in random order.Independence Assumption: the ‘experimental units’ in this experiment are cups of heated water. It’s easy to believe that one cup of water is independent of another. It also p pseems reasonable that the performance of one tested cup should be independent of other cups.Similar Variance Condition: The Nissan mug variation seems
 b b ll h h h W ’ll l k l h to be a bit smaller than the others. We’ll look later at the plot of residuals vs. predicted values to see if the plot thickens.
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Anova step-by-stepAnova step by step
 Mechanics One-Way Analysis of VarianceFit the ANOVA model
 Analysis of Variance for TemperatureSource DF SS MS F PContainer 3 714.2 238.1 11.28 0.000Error 28 590.7 21.1Total 31 1304.9
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Anova step-by-stepAnova step by step
 MechanicsFit th
 Nearly Normal Condition, tli diti
 The histogram shows that the di t ib ti f th id l iFit the
 ANOVA model
 outlier condition:The Normal probability plot is not very straight, but there are no outliers
 distribution of the residuals is skewed to the right:
 are no outliers.
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Anova step-by-stepAnova step by step
 Mechanics Nearly Normal Condition, The histogram shows that the Fit the ANOVA model
 youtlier condition:The Normal probability plot is not very straight, but there
 tli
 gdistribution of the residuals is skewed to the right:
 are no outliers.
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Anova step-by-stepAnova step by step
 Interpretation Tell An F-ratio this large would be very unlikely if theInterpretation Tell what the F-test means.
 An F ratio this large would be very unlikely if the containers all had the same mean temperature difference.
 State your conclusions.
 Conclusions: Even though some of the conditions are mildly violated, we still conclude that the means are not all equal.
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ExerciseExercise
 Popcorn. A student runs an experiment to test four different popcorn brands, recording the number of kernelsdifferent popcorn brands, recording the number of kernels left unpopped. She pops measured batched of each brand 4 times, using the same popcorn popper and randomizing the order of the brands. After collecting her data and
 l i th lt h t th t th F ti i 13 56analyzing the results, she reports that the F-ratio is 13.56. a)What are the null and alternative hypotheses?b)How many degrees of freedom does the treatment sum
 of squares have? How about the error sum of squares?of squares have? How about the error sum of squares?c)Assuming that the conditions required for ANOVA are
 satisfied, what is the P-value? What would you conclude?
 d)What else about the data would you like to see in order to check the assumptions and conditions?
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