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0.1. PREFACE v
 0.1 Preface
 This book is a course of lectures on the mathematics of actuarial science. Theidea behind the lectures is as far as possible to deduce interesting material oncontingent present values and life tables directly from calculus and common-sense notions, illustrated through word problems. Both the Interest Theoryand Probability related to life tables are treated as wonderful concrete appli-cations of the calculus. The lectures require no background beyond a thirdsemester of calculus, but the prerequisite calculus courses must have beensolidly understood. It is a truism of pre-actuarial advising that students whohave not done really well in and digested the calculus ought not to consideractuarial studies.
 It is not assumed that the student has seen a formal introduction to prob-ability. Notions of relative frequency and average are introduced first withreference to the ensemble of a cohort life-table, the underlying formal randomexperiment being random selection from the cohort life-table population (or,in the context of probabilities and expectations for ‘lives aged x’, from thesubset of lx members of the population who survive to age x). The cal-culation of expectations of functions of a time-to-death random variables isrooted on the one hand in the concrete notion of life-table average, which isthen approximated by suitable idealized failure densities and integrals. Later,in discussing Binomial random variables and the Law of Large Numbers, thecombinatorial and probabilistic interpretation of binomial coefficients are de-rived from the Binomial Theorem, which the student the is assumed to knowas a topic in calculus (Taylor series identification of coefficients of a poly-nomial.) The general notions of expectation and probability are introduced,but for example the Law of Large Numbers for binomial variables is treated(rigorously) as a topic involving calculus inequalities and summation of finiteseries. This approach allows introduction of the numerically and conceptuallyuseful large-deviation inequalities for binomial random variables to explainjust how unlikely it is for binomial (e.g., life-table) counts to deviate muchpercentage-wise from expectations when the underlying population of trialsis large.
 The reader is also not assumed to have worked previously with the The-ory of Interest. These lectures present Theory of Interest as a mathematicalproblem-topic, which is rather unlike what is done in typical finance courses.
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vi CONTENTS
 Getting the typical Interest problems — such as the exercises on mortgage re-financing and present values of various payoff schemes — into correct formatfor numerical answers is often not easy even for good mathematics students.
 The main goal of these lectures is to reach — by a conceptual route —mathematical topics in Life Contingencies, Premium Calculation and De-mography not usually seen until rather late in the trajectory of quantitativeActuarial Examinations. Such an approach can allow undergraduates withsolid preparation in calculus (not necessarily mathematics or statistics ma-jors) to explore their possible interests in business and actuarial science. Italso allows the majority of such students — who will choose some other av-enue, from economics to operations research to statistics, for the exercise oftheir quantitative talents — to know something concrete and mathematicallycoherent about the topics and ideas actually useful in Insurance.
 A secondary goal of the lectures has been to introduce varied topics ofapplied mathematics as part of a reasoned development of ideas related tosurvival data. As a result, material is included on statistics of biomedicalstudies and on reliability which would not ordinarily find its way into anactuarial course. A further result is that mathematical topics, from differen-tial equations to maximum likelihood estimators based on complex life-tabledata, which seldom fit coherently into undergraduate programs of study, are‘vertically integrated’ into a single course.
 While the material in these lectures is presented systematically, it is notseparated by chapters into unified topics such as Interest Theory, ProbabilityTheory, Premium Calculation, etc. Instead the introductory material fromprobability and interest theory are interleaved, and later, various mathemat-ical ideas are introduced as needed to advance the discussion. No book atthis level can claim to be fully self-contained, but every attempt has beenmade to develop the mathematics to fit the actuarial applications as theyarise logically.
 The coverage of the main body of each chapter is primarily ‘theoretical’.At the end of each chapter is an Exercise Set and a short section of WorkedExamples to illustrate the kinds of word problems which can be solved bythe techniques of the chapter. The Worked Examples sections show howthe ideas and formulas work smoothly together, and they highlight the mostimportant and frequently used formulas.
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Chapter 1
 Basics of Probability and theTheory of Interest
 The first lectures supply some background on elementary Probability Theoryand basic Theory of Interest. The reader who has not previously studied thesesubjects may get a brief overview here, but will likely want to supplementthis Chapter with reading in any of a number of calculus-based introductionsto probability and statistics, such as Larson (1982), Larsen and Marx (1985),or Hogg and Tanis (1997) and the basics of the Theory of Interest as coveredin the text of Kellison (1970) or Chapter 1 of Gerber (1997).
 1.1 Probability, Lifetimes, and Expectation
 In the cohort life-table model, imagine a number l0 of individuals bornsimultaneously and followed until death, resulting in data dx, lx for eachinteger age x = 0, 1, 2, . . ., where
 lx = number of lives aged x (i.e. alive at birthday x )
 anddx = lx − lx+1 = number dying between ages x, x + 1
 Now, allow the age-variable to be denoted by t and to take all real values, notjust whole numbers x, and treat S0(t) = lt/l0 as the fraction of individuals
 1
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2 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 in a life table surviving to exact age t. This nonincreasing function S0
 would be called the empirical “survivor” or “survival” function. Although ittakes on only rational values with denominator l0, it can be approximated bya survivor function S(t) which is continuously differentiable (or piecewisecontinuously differentiable with just a few break-points) and takes valuesexactly = lx/l0 at integer ages x. Then for all positive real t, S(u) −S(u+ t) is the fraction of the initial cohort which fails between time u andu + t, and for integers x, t,
 S(x) − S(x + t)
 S(x)=
 lx − lx+t
 lx
 denotes the fraction of those alive at exact age x who fail before x + t.
 Question: what do probabilities have to do with the life tableand survival function ?
 To answer this, we first introduce probability as simply a relative fre-quency, using numbers from a cohort life-table like that of the accompanyingIllustrative Life Table. In response to a probability question, we supply thefraction of the relevant life-table population, to obtain identities like
 Pr(life aged 29 dies between exact ages 35 and 41 or between 52 and 60 )
 = S(35) − S(41) + S(52) − S(60) ={
 (l35 − l41) + (l52 − l60)}/
 l29
 where our convention is that a life aged 29 is one of the cohort surviving tothe 29th birthday.
 The idea here is that all of the lifetimes covered by the life table areunderstood to be governed by an identical “mechanism” of failure, and thatany probability question about a single lifetime is really a question concerningthe fraction of those lives about which the question is asked (e.g., those aliveat age x) whose lifetimes will satisfy the stated property (e.g., die eitherbetween 35 and 41 or between 52 and 60). This “frequentist” notion ofprobability of an event as the relative frequency with which the event occursin a large population of (independent) identical units is associated with thephrase “law of large numbers”, which will be discussed later. For now, remarkonly that the life table population should be large for the ideas presented sofar to make good sense. See Table 1.1 for an illustration of a cohort life-tablewith realistic numbers.
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1.1. PROBABILITY 3
 Table 1.1: Illustrative Life-Table, simulated to resemble realistic US (Male)life-table. For details of simulation, see Section 3.4 below.
 Age x lx dx x lx dx
 0 100000 2629 40 92315 2951 97371 141 41 92020 3322 97230 107 42 91688 4083 97123 63 43 91280 4144 97060 63 44 90866 4645 96997 69 45 90402 5326 96928 69 46 89870 5877 96859 52 47 89283 6808 96807 54 48 88603 7029 96753 51 49 87901 782
 10 96702 33 50 87119 84111 96669 40 51 86278 88512 96629 47 52 85393 97413 96582 61 53 84419 108214 96521 86 54 83337 108815 96435 105 55 82249 121316 96330 83 56 81036 134417 96247 125 57 79692 142318 96122 133 58 78269 147619 95989 149 59 76793 157220 95840 154 60 75221 169621 95686 138 61 73525 178422 95548 163 62 71741 193323 95385 168 63 69808 202224 95217 166 64 67786 218625 95051 151 65 65600 226126 94900 149 66 63339 237127 94751 166 67 60968 242628 94585 157 68 58542 235629 94428 133 69 56186 270230 94295 160 70 53484 254831 94135 149 71 50936 267732 93986 152 72 48259 281133 93834 160 73 45448 276334 93674 199 74 42685 271035 93475 187 75 39975 284836 93288 212 76 37127 283237 93076 228 77 34295 283538 92848 272 78 31460 280339 92576 261
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4 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 Note: see any basic probability textbook, such as Larson (1982), Larsenand Marx (1985), or Hogg and Tanis (1997) for formal definitions of thenotions of sample space, event, probability, and conditional probability.
 The main ideas which are necessary to understand the discussion so farare really matters of common sense when applied to relative frequency butrequire formal axioms when used more generally:
 • Probabilities are numbers between 0 and 1 assigned to subsets of theentire range of possible outcomes. In the examples, the subsets whichare assigned probabilities include sub-intervals of the interval of possiblehuman lifetimes measured in years, and also disjoint unions of suchsubintervals. These sets in the real line are viewed as possible eventssummarizing ages at death of newborns in the cohort population. Atthis point, we are regarding each set A of ages as determining thesubset of the cohort population whose ages at death fall in A.
 • The probability P (A ∪ B) of the union A ∪ B of disjoint (i.e.,nonoverlapping) sets A and B is necessarily equal to the sum of theseparate probabilities P (A) and P (B).
 • When probabilities are requested with reference to a smaller universe ofpossible outcomes, such as B = lives aged 29, rather than all membersof a cohort population, the resulting conditional probabilities of eventsA are written P (A |B) and calculated as P (A ∩ B)/P (B), whereA ∩ B denotes the intersection or overlap of the two events A, B.The phrase “lives aged 29” defines an event which in terms of ages atdeath says simply “age at death is 29 or larger” or, in relation to thecohort population, specifies the subset of the population which survivesto exact age 29 (i.e., to the 29th birthday).
 • Two events A, B are defined to be independent when P (A ∩ B) =P (A)·P (B) or — equivalently, as long as P (B) > 0 — the conditionalprobability P (A|B) expressing the probability of A if B were knownto have occurred, is the same as the (unconditional) probability P (A).
 The life-table data, and the mechanism by which members of the popu-lation die, are summarized first through the survivor function S(x) whichat integer values of x agrees with the ratios lx/l0. Note that S(x) has
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1.1. PROBABILITY 5
 values between 0 and 1, and can be interpreted as the probability for a singleindividual to survive at least x time units. Since fewer people are aliveat larger ages, S(t) is a decreasing function of the continuous age-variablet, and in applications S(t) should be piecewise continuously differentiable(largely for convenience, and because any analytical expression which wouldbe chosen for S(t) in practice will be piecewise smooth). In addition, bydefinition, S(0) = 1. Another way of summarizing the probabilities ofsurvival given by this function is to define the density function
 f(x) = −dS
 dx(x) = −S ′(x)
 as the (absolute) rate of decrease of the function S. Then, by the funda-mental theorem of calculus, for any ages a < b,
 P (life aged 0 dies between ages a and b)
 = S(a) − S(b) =
 ∫ b
 a
 (−S ′(x)) dx =
 ∫ b
 a
 f(x) dx (1.1)
 which has the very helpful geometric interpretation that the probability ofdying within the interval [a, b] is equal to the area under the curve y = f(x)over the x-interval [a, b]. Note also that the ‘probability’ rule which assignsthe integral
 ∫
 Af(x) dx to the set A (which may be an interval, a union
 of intervals, or a still more complicated set) obviously satisfies the first twoof the bulleted axioms displayed above.
 The terminal age ω of a life table is an integer value large enough thatS(ω) is negligibly small, but no value S(t) for t < ω is zero. For practicalpurposes, no individual lives to the ω birthday. While ω is finite in reallife-tables and in some analytical survival models, most theoretical forms forS(x) have no finite age ω at which S(ω) = 0, and in those forms ω = ∞by convention.
 Now we are ready to define some terms and motivate the notion of ex-pectation. Think of the age T at which a specified newly born member ofthe population will die as a random variable, which for present purposesmeans a variable which takes various values t with probabilities governed(at integer ages) by the life table data lx and the survivor function S(t)or density function f(t) in a formula like the one just given in equation(1.1). Suppose there is a contractual amount Y which must be paid (say,
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6 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 to the heirs of that individual) at the time T of death of the individual,and suppose that the contract provides a specific function Y = g(T ) ac-cording to which this payment depends on (the whole-number part of) theage T at which death occurs. What is the average value of such a paymentover all individuals whose lifetimes are reflected in the life-table ? Sincedx = lx − lx+1 individuals (out of the original l0 ) die at ages between xand x + 1, thereby generating a payment g(x), the total payment to allindividuals in the life-table can be written as
 ∑
 x
 (lx − lx+1) g(x)
 Thus the average payment, at least under the assumption that Y = g(T )depends only on the largest whole number [T ] less than or equal to T , is
 ∑
 x (lx − lx+1) g(x) / l0 =∑
 x (S(x) − S(x + 1))g(x)
 =∑
 x
 ∫ x+1
 xf(t) g(t) dt =
 ∫
 ∞
 0f(t) g(t) dt
 (1.2)
 This quantity, the total contingent payment over the whole cohort divided bythe number in the cohort, is called the expectation of the random paymentY = g(T ) in this special case, and can be interpreted as the weighted averageof all of the different payments g(x) actually received, where the weightsare just the relative frequency in the life table with which those paymentsare received. More generally, if the restriction that g(t) depends only onthe integer part [t] of t were dropped , then the expectation of Y = g(T )would be given by the same formula
 E(Y ) = E(g(T )) =
 ∫
 ∞
 0
 f(t) g(t) dt
 The last displayed integral, like all expectation formulas, can be under-stood as a weighted average of values g(T ) obtained over a population,with weights equal to the probabilities of obtaining those values. Recall fromthe Riemann-integral construction in Calculus that the integral
 ∫
 f(t)g(t)dtcan be regarded approximately as the sum over very small time-intervals[t, t + ∆] of the quantities f(t)g(t)∆, quantities which are interpreted asthe base ∆ of a rectangle multiplied by its height f(t)g(t), and the rect-angle closely covers the area under the graph of the function f g over theinterval [t, t + ∆]. The term f(t)g(t)∆ can alternatively be interpreted
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1.1. PROBABILITY 7
 as the product of the value g(t) — essentially equal to any of the valuesg(T ) which can be realized when T falls within the interval [t, t + ∆] —multiplied by f(t) ∆. The latter quantity is, by the Fundamental Theoremof the Calculus, approximately equal for small ∆ to the area under thefunction f over the interval [t, t + ∆], and is by definition equal to theprobability with which T ∈ [t, t + ∆]. In summary, E(Y ) =
 ∫
 ∞
 0g(t)f(t)dt
 is the average of values g(T ) obtained for lifetimes T within small intervals[t, t+∆] weighted by the probabilities of approximately f(t)∆ with whichthose T and g(T ) values are obtained. The expectation is a weightedaverage because the weights f(t)∆ sum to the integral
 ∫
 ∞
 0f(t)dt = 1.
 The same idea and formula can be applied to the restricted populationof lives aged x. The resulting quantity is then called the conditionalexpected value of g(T ) given that T ≥ x. The formula will be differentin two ways: first, the range of integration is from x to ∞, because ofthe resitriction to individuals in the life-table who have survived to exact agex; second, the density f(t) must be replaced by f(t)/S(x), the so-calledconditional density given T ≥ x, which is found as follows. From thedefinition of conditional probability, for t ≥ x,
 P (t ≤ T ≤ t + ∆ |T ≥ x) =P ( {t ≤ T ≤ t + ∆} ∩ {T ≥ x})
 P (T ≥ x)
 =P (t ≤ T ≤ t + ∆)
 P (T ≥ x)=
 S(t) − S(t + ∆)
 S(x)
 Thus the density which can be used to calculate conditional probabilitiesP (a ≤ T ≤ b |T ≥ x) for x < a < b is
 lim∆→0
 1
 ∆P (t ≤ T ≤ t+∆ |T ≥ x) = lim
 ∆→0
 S(t) − S(t + ∆)
 S(x) ∆= −
 S ′(t)
 S(x)=
 f(t)
 S(x)
 The result of all of this discussion of conditional expected values is the for-mula, with associated weighted-average interpretation:
 E(g(T ) |T ≥ x) =1
 S(x)
 ∫
 ∞
 x
 g(t) f(t) dt (1.3)
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8 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 1.2 Theory of Interest
 Since payments based upon unpredictable occurrences or contingencies forinsured lives can occur at different times, we study next the Theory of Inter-est, which is concerned with valuing streams of payments made over time.The general model in the case of constant interest, to which we restrict inthe current sub-section, is as follows. Money is deposited in an account likea bank-account and grows according to a schedule determined by both theinterest rate and the occasions when interest amounts are compounded, thatis, deemed to be added to the account. The compounding rules are impor-tant because they determine when new interest interest begins to be earnedon previously earned interest amounts.
 Compounding at time-intervals h = 1/m , with nominal interest ratei(m), means that a unit amount accumulates to (1 + i(m)/m) after a timeh = 1/m. The principal or account value 1 + i(m)/m at time 1/maccumulates over the time-interval from 1/m until 2/m, to (1+i(m)/m)·(1+i(m)/m) = (1+i(m)/m)2. Similarly, by induction, a unit amount accumulatesto (1 + i(m)/m)n = (1 + i(m)/m)Tm after the time T = nh which is amultiple of n whole units of h. In the limit of continuous compounding(i.e., m → ∞ ), the unit amount compounds to eδ T after time T ,where the instantaneous annualized nominal interest rate δ = limm i(m)
 (also called the force of interest) will be shown to exist. In either caseof compounding, the actual Annual Percentage Rate or APR or effectiveannual interest rate is defined as the amount (minus 1, and multiplied by100 if it is to be expressed as a percentage) to which a unit compounds aftera single year, i.e., respectively as
 iAPR =(
 1 +i(m)
 m
 )m
 − 1 or eδ − 1
 The amount to which a unit invested at time 0 accumulates at the effectiveinterest rate iAPR over a time-duration T (still assumed to be a multipleof 1/m) is therefore
 (
 1 + iAPR
 )T
 =(
 1 +i(m)
 m
 )mT
 = eδ T
 This amount is called the accumulation factor operating over the interval ofduration T at the fixed interest rate. Moreover, the first and third expres-
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1.2. THEORY OF INTEREST 9
 sions of the displayed equation also make perfect sense when the durationT is any positive real number, not necessarily a multiple of 1/m.
 All the nominal interest rates i(m) for different periods of compoundingare related by the formulas
 (1 + i(m)/m)m = 1 + i = 1 + iAPR , i(m) = m{
 (1 + i)1/m − 1}
 (1.4)
 Similarly, interest can be said to be governed by the discount rates forvarious compounding periods, defined by
 1 − d(m)/m = (1 + i(m)/m)−1
 Solving the last equation for d(m) gives
 d(m) = i(m)/(1 + i(m)/m) (1.5)
 The idea of discount rates is that if $1 is loaned out at interest, then theamount d(m)/m is the correct amount to be repaid at the beginning ratherthan the end of each fraction 1/m of the year, with repayment of theprincipal of $1 at the end of the year, in order to amount to the sameeffective interest rate. The reason is that, according to the definition, theamount 1− d(m)/m accumulates at nominal interest i(m) (compounded mtimes yearly) to (1−d(m)/m) · (1+ i(m)/m) = 1 after a time-period of 1/m.
 The quantities i(m), d(m) are naturally introduced as the interest pay-ments which must be made respectively at the ends and the beginnings ofsuccessive time-periods 1/m in order that the principal owed at each timej/m on an amount $ 1 borrowed at time 0 will always be $ 1. Todefine these terms and justify this assertion, consider first the simplest case,m = 1. If $ 1 is to be borrowed at time 0, then the single payment attime 1 which fully compensates the lender, if that lender could alternativelyhave earned interest rate i, is $ (1 + i), which we view as a payment of$ 1 principal (the face amount of the loan) and $ i interest. In exactly thesame way, if $ 1 is borrowed at time 0 for a time-period 1/m, then therepayment at time 1/m takes the form of $ 1 principal and $ i(m)/minterest. Thus, if $ 1 was borrowed at time 0, an interest payment of$ i(m)/m at time 1/m leaves an amount $ 1 still owed, which can beviewed as an amount borrowed on the time-interval (1/m, 2/m]. Then apayment of $ i(m)/m at time 2/m still leaves an amount $ 1 owed at
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10 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 2/m, which is deemed borrowed until time 3/m, and so forth, until the loanof $ 1 on the final time-interval ((m− 1)/m, 1] is paid off at time 1 witha final interest payment of $ i(m)/m together with the principal repaymentof $ 1. The overall result which we have just proved intuitively is:
 $ 1 at time 0 is equivalent to the stream of m payments of$ i(m)/m at times 1/m, 2/m, . . . , 1 plus the payment of $ 1at time 1.
 Similarly, if interest is to be paid at the beginning of the period of theloan instead of the end, the interest paid at time 0 for a loan of $ 1 wouldbe d = i/(1 + i), with the only other payment a repayment of principal attime 1. To see that this is correct, note that since interest d is paid at thesame instant as receiving the loan of $ 1 , the net amount actually receivedis 1 − d = (1 + i)−1, which accumulates in value to (1 − d)(1 + i) = $ 1at time 1. Similarly, if interest payments are to be made at the beginningsof each of the intervals (j/m, (j + 1)/m] for j = 0, 1, . . . , m − 1, witha final principal repayment of $ 1 at time 1, then the interest paymentsshould be d(m)/m. This follows because the amount effectively borrowed(after the immediate interest payment) over each interval (j/m, (j + 1)/m]is $ (1 − d(m)/m), which accumulates in value over the interval of length1/m to an amount (1 − d(m)/m)(1 + i(m)/m) = 1. So throughout theyear-long life of the loan, the principal owed at (or just before) each time(j + 1)/m is exactly $ 1. The net result is
 $ 1 at time 0 is equivalent to the stream of m paymentsof $ d(m)/m at times 0, 1/m, 2/m, . . . , (m − 1)/m plus thepayment of $ 1 at time 1.
 A useful algebraic exercise to confirm the displayed assertions is:
 Exercise. Verify that the present values at time 0 of the payment streamswith m interest payments in the displayed assertions are respectively
 m∑
 j=1
 i(m)
 m(1 + i)−j/m + (1 + i)−1 and
 m−1∑
 j=0
 d(m)
 m(1 + i)−j/m + (1 + i)−1
 and that both are equal to 1. These identities are valid for all i > 0.
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1.2. THEORY OF INTEREST 11
 1.2.1 Variable Interest Rates
 Now we formulate the generalization of these ideas to the case of non-constantinstantaneously varying, but known or observed, nominal interest rates δ(t),for which the old-fashioned name would be time-varying force of interest .Here, if there is a compounding-interval [kh, (k + 1)h) of length h = 1/m,one would first use the instantaneous continuously-compounding interest-rateδ(kh) available at the beginning of the interval to calculate an equivalentannualized nominal interest-rate over the interval, i.e., to find a numberrm(kh) such that
 (
 1 +rm(kh)
 m
 )
 =(
 eδ(kh))1/m
 = exp(δ(kh)
 m
 )
 In the limit of large m, there is an essentially constant principal amountover each interval of length 1/m, so that over the interval [b, b + t), withinstantaneous compounding, the unit principal amount accumulates to
 limm→∞
 eδ(b)/meδ(b+h)/m · · · eδ(b+[mt]h)/m
 = exp
 limm
 1
 m
 [mt]−1∑
 k=0
 δ(b + k/m)
 = exp
 (∫ t
 0
 δ(b + s) ds
 )
 The last step in this chain of equalities relates the concept of continuouscompounding to that of the Riemann integral. To specify continuous-timevarying interest rates in terms of effective or APR rates, instead of the in-stantaneous nominal rates δ(t) , would require the simple conversion
 rAPR(t) = eδ(t) − 1 , δ(t) = ln(
 1 + rAPR(t))
 Next consider the case of deposits s0, s1, . . . , sk, . . . , sn made at times0, h, . . . , kh, . . . , nh, where h = 1/m is the given compounding-period,and where nominal annualized instantaneous interest-rates δ(kh) (withcompounding-period h) apply to the accrual of interest on the interval[kh, (k + 1)h). If the accumulated bank balance just after time kh isdenoted by Bk , then how can the accumulated bank balance be expressedin terms of sj and δ(jh) ? Clearly
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12 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 Bk+1 = Bk ·(
 1 +i(m)(kh)
 m
 )
 + sk+1 , B0 = s0
 The preceding difference equation can be solved in terms of successive sum-mation and product operations acting on the sequences sj and δ(jh), asfollows. First define a function Ak to denote the accumulated bank bal-ance at time kh for a unit invested at time 0 and earning interest withinstantaneous nominal interest rates δ(jh) (or equivalently, nominal ratesrm(jh) for compounding at multiples of h = 1/m) applying respectivelyover the whole compounding-intervals [jh, (j +1)h), j = 0, . . . , k−1. Thenby definition, Ak satisfies a homogeneous equation analogous to the previousone, which together with its solution is given by
 Ak+1 = Ak ·(
 1 +rm(kh)
 m
 )
 , A0 = 1, Ak =k−1∏
 j=0
 (
 1 +rm(jh)
 m
 )
 The next idea is the second basic one in the theory of interest, namely theidea of equivalent investments leading to the definition of present value of anincome stream/investment. Suppose that a stream of deposits sj accruinginterest with annualized nominal rates rm(jh) with respect to compounding-periods [jh, (j + 1)h) for j = 0, . . . , n is such that a single deposit D attime 0 would accumulate by compound interest to give exactly the samefinal balance Fn at time T = nh. Then the present cash amount Din hand is said to be equivalent to the value of a contract to receive sj
 at time jh, j = 0, 1, . . . , n. In other words, the present value of thecontract is precisely D. We have just calculated that an amount 1 at time0 compounds to an accumulated amount An at time T = nh. Therefore,an amount a at time 0 accumulates to a · An at time T , and in particular1/An at time 0 accumulates to 1 at time T . Thus the present value of1 at time T = nh is 1/An . Now define Gk to be the present value of thestream of payments sj at time jh for j = 0, 1, . . . , k. Since Bk was theaccumulated value just after time kh of the same stream of payments, andsince the present value at 0 of an amount Bk at time kh is just Bk/Ak,we conclude
 Gk+1 =Bk+1
 Ak+1
 =Bk (1 + rm(kh)/m)
 Ak (1 + rm(kh)/m)+
 sk+1
 Ak+1
 , k ≥ 1 , G0 = s0
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1.2. THEORY OF INTEREST 13
 Thus Gk+1 − Gk = sk+1/Ak+1, and
 Gk+1 = s0 +k
 ∑
 i=0
 si+1
 Ai+1
 =k+1∑
 j=0
 sj
 Aj
 In summary, we have simultaneously found the solution for the accumulatedbalance Bk just after time kh and for the present value Gk at time 0 :
 Gk =k
 ∑
 i=0
 si
 Ai
 , Bk = Ak · Gk , k = 0, . . . , n
 The intuitive interpretation of the formulas just derived relies on thefollowing simple observations and reasoning:
 (a) The present value at fixed interest rate i of a payment of $1exactly t years in the future, must be equal to the amount which must beput in the bank at time 0 to accumulate at interest to an amount 1 exactlyt years later. Since (1 + i)t is the factor by which today’s deposit increasesin exactly t years, the present value of a payment of $1 delayed t yearsis (1 + i)−t. Here t may be an integer or positive real number.
 (b) Present values superpose additively: that is, if I am to receive apayment stream C which is the sum of payment streams A and B, then thepresent value of C is simply the sum of the present value of payment streamA and the present value of payment stream B.
 (c) As a consequence of (a) and (b), the present value for constant interestrate i at time 0 of a payment stream consisting of payments sj at futuretimes tj, j = 0, . . . , n must be the summation
 n∑
 j=0
 sj (1 + i)−tj
 (d) Finally, to combine present values on distinct time intervals, at pos-sibly different interest rates, remark that if fixed interest-rate i applies tothe time-interval [0, s] and the fixed interest rate i′ applies to the time-interval [s, t + s], then the present value at time s of a future payment ofa at time t + s is b = a(1 + i′)−t, and the present value at time 0 of
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14 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 a payment b at time s is b (1 + i)−s . The idea of present value is thatthese three payments, a at time s + t, b = a(1 + i′)−t at time s, andb(1 + i)−s = a (1 + i′)−t (1 + i)−s at time 0 , are all equivalent.
 (e) Applying the idea of paragraph (d) repeatedly over successive intervalsof length h = 1/m each, we find that the present value of a payment of $1at time t (assumed to be an integer multiple of h), where r(kh) is theapplicable effective interest rate on time-interval [kh, (k + 1)h], is
 1/A(t) =mt∏
 j=1
 (1 + r(jh))−h
 where A(t) = Ak is the amount previously derived as the accumulation-factor for the time-interval [0, t].
 The formulas just developed can be used to give the internal rate of returnr over the time-interval [0, T ] of a unit investment which pays amount sk
 at times tk, k = 0, . . . , n, 0 ≤ tk ≤ T . This constant (effective) interestrate r is the one such that
 n∑
 k=0
 sk
 (
 1 + r)
 −tk= 1
 With respect to the APR r , the present value of a payment sk at atime tk time-units in the future is sk · (1 + r)−tk . Therefore the streamof payments sk at times tk, (k = 0, 1, . . . , n) becomes equivalent, for theuniquely defined interest rate r, to an immediate (time-0) payment of 1.
 Example 1 As an illustration of the notion of effective interest rate, or in-ternal rate of return, suppose that you are offered an investment option underwhich a $ 10, 000 investment made now is expected to pay $ 300 yearly for5 years (beginning 1 year from the date of the investment), and then $ 800yearly for the following five years, with the principal of $ 10, 000 returnedto you (if all goes well) exactly 10 years from the date of the investment (atthe same time as the last of the $ 800 payments. If the investment goesas planned, what is the effective interest rate you will be earning on yourinvestment ?
 As in all calculations of effective interest rate, the present value of thepayment-stream, at the unknown interest rate r = iAPR, must be bal-anced with the value (here $ 10, 000) which is invested. (That is because
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1.2. THEORY OF INTEREST 15
 the indicated payment stream is being regarded as equivalent to bank interestat rate r.) The balance equation in the Example is obviously
 10, 000 = 3005
 ∑
 j=1
 (1 + r)−j + 80010
 ∑
 j=6
 (1 + r)−j + 10, 000 (1 + r)−10
 The right-hand side can be simplified somewhat, in terms of the notationx = (1 + r)−5, to
 300
 1 + r
 ( 1 − x
 1 − (1 + r)−1
 )
 +800x
 (1 + r)
 ( 1 − x
 1 − (1 + r)−1
 )
 + 10000x2
 =1 − x
 r(300 + 800x) + 10000x2 (1.6)
 Setting this simplified expression equal to the left-hand side of 10, 000 doesnot lead to a closed-form solution, since both x = (1+r)−5 and r involve theunknown r. Nevertheless, we can solve the equation roughly by ‘tabulating’the values of the simplified right-hand side as a function of r ranging inincrements of 0.005 from 0.035 through 0.075. (We can guess that thecorrect answer lies between the minimum and maximum payments expressedas a fraction of the principal.) This tabulation yields:
 r .035 .040 .045 .050 .055 .060 .065 .070 .075(1.6) 11485 11018 10574 10152 9749 9366 9000 8562 8320
 From these values, we can see that the right-hand side is equal to $ 10, 000for a value of r falling between 0.05 and 0.055. Interpolating linearly toapproximate the answer yields r = 0.050 + 0.005 ∗ (10000− 10152)/(9749−10152) = 0.05189, while an accurate equation-solver (the one in the Splusor R function uniroot) finds r = 0.05186.
 1.2.2 Continuous-time Payment Streams
 There is a completely analogous development for continuous-time depositstreams with continuous compounding. Suppose D(t) to be the rate perunit time at which savings deposits are made, so that if we take m to go to
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16 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 ∞ in the previous discussion, we have D(t) = limm→∞ ms[mt], where [·]again denotes greatest-integer. Taking δ(t) to be the time-varying nominalinterest rate with continuous compounding, and B(t) to be the accumulatedbalance as of time t (analogous to the quantity B[mt] = Bk from before,when t = k/m), we replace the previous difference-equation by
 B(t + h) = B(t) (1 + h δ(t)) + h D(t) + o(h)
 where o(h) denotes a remainder such that o(h)/h → 0 as h → 0.Subtracting B(t) from both sides of the last equation, dividing by h, andletting h decrease to 0, yields a differential equation at times t > 0 :
 B′(t) = B(t) δ(t) + D(t) , A(0) = s0 (1.7)
 The method of solution of (1.7), which is the standard one from differentialequations theory of multiplying through by an integrating factor , again hasa natural interpretation in terms of present values. The integrating factor1/A(t) = exp(−
 ∫ t
 0δ(s) ds) is the present value at time 0 of a payment of
 1 at time t, and the quantity B(t)/A(t) = G(t) is then the present valueof the deposit stream of s0 at time 0 followed by continuous deposits atrate D(t). The ratio-rule of differentiation yields
 G′(t) =B′(t)
 A(t)−
 B(t) A′(t)
 A2(t)=
 B′(t) − B(t) δ(t)
 A(t)=
 D(t)
 A(t)
 where the substitutuion A′(t)/A(t) ≡ δ(t) has been made in the thirdexpression. Since G(0) = B(0) = s0, the solution to the differential equation(1.7) becomes
 G(t) = s0 +
 ∫ t
 0
 D(s)
 A(s)ds , B(t) = A(t) G(t)
 Finally, the formula can be specialized to the case of a constant unit-ratepayment stream ( D(x) = 1, δ(x) = δ = ln(1 + i), 0 ≤ x ≤ T ) withno initial deposit (i.e., s0 = 0). By the preceding formulas, A(t) =exp(t ln(1 + i)) = (1 + i)t, and the present value of such a payment streamis
 ∫ T
 0
 1 · exp(−t ln(1 + i)) dt =1
 δ
 (
 1 − (1 + i)−T)

Page 25
						

1.3. EXERCISE SET 1 17
 Recall that the force of interest δ = ln(1 + i) is the limiting value obtainedfrom the nominal interest rate i(m) using the difference-quotient representa-tion:
 limm→∞
 i(m) = limm→∞
 exp((1/m) ln(1 + i)) − 1
 1/m= ln(1 + i)
 The present value of a payment at time T in the future is, as expected,
 (
 1 +i(m)
 m
 )−mT
 = (1 + i)−T = exp(−δ T )
 1.3 Exercise Set 1
 The first homework set covers the basic definitions in two areas: (i) prob-ability as it relates to events defined from cohort life-tables, including thetheoretical machinery of population and conditional survival, distribution,and density functions and the definition of expectation; (ii) the theoryof interest and present values, with special reference to the idea of incomestreams of equal value at a fixed rate of interest.
 (1). For how long a time should $100 be left to accumulate at 5% interestso that it will amount to twice the accumulated value (over the same timeperiod) of another $100 deposited at 3% ?
 (2). Use a calculator to answer the following numerically:
 (a) Suppose you sell for $6,000 the right to receive for 10 years the amountof $1,000 per year payable quarterly (beginning at the end of the first quar-ter). What effective rate of interest makes this a fair sale price ? (You willhave to solve numerically or graphically, or interpolate a tabulation, to findit.)
 (b) $100 deposited 20 years ago has grown at interest to $235. Theinterest was compounded twice a year. What were the nominal and effectiveinterest rates ?
 (c) How much should be set aside (the same amount each year) at thebeginning of each year for 10 years to amount to $1000 at the end of the 10thyear at the interest rate of part (b) ?
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18 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 In the following problems, S(x) denotes the probability for a newbornin a designated population to survive to exact age x . If a cohort life tableis under discussion, then the probability distribution relates to a randomlychosen member of the newborn cohort.
 (3). Assume that a population’s survival probability function is given byS(x) = 0.1(100 − x)1/2, for 0 ≤ x ≤ 100.
 (a) Find the probability that a life aged 0 will die between exact ages 19and 36.
 (b) Find the probability that a life aged 36 will die before exact age 51.
 (4). (a) Find the expected age at death of a member of the population inproblem (3).
 (b) Find the expected age at death of a life aged 20 in the population ofproblem (3).
 (5). Use the Illustrative Life-table (Table 1.1) to calculate the followingprobabilities. (In each case, assume that the indicated span of years runsfrom birthday to birthday.) Find the probability
 (a) that a life aged 26 will live at least 30 more years;
 (b) that a life aged 22 will die between ages 45 and 55;
 (c) that a life aged 25 will die either before age 50 or after the 70’thbirthday.
 (6). In a certain population, you are given the following facts:
 (i) The probability that two independent lives, respectively aged 25 and45, both survive 20 years is 0.7.
 (ii) The probability that a life aged 25 will survive 10 years is 0.9.
 Then find the probability that a life aged 35 will survive to age 65.
 (7). Suppose that you borrowed $1000 at 6% APR, to be repaid in 5 years ina lump sum, and that after holding the money idle for 1 year you invested themoney to earn 8% APR for the remaining four years. What is the effectiveinterest rate you have earned (ignoring interest costs) over 5 years on the$1000 which you borrowed ? Taking interest costs into account, what is the
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1.3. EXERCISE SET 1 19
 present value of your profit over the 5 years of the loan ? Also re-do theproblem if instead of repaying all principal and interest at the end of 5 years,you must make a payment of accrued interest at the end of 3 years, with theadditional interest and principal due in a single lump-sum at the end of 5years.
 (8). Find the total present value at 5% APR of payments of $1 at the endof 1, 3, 5, 7, and 9 years and payments of $2 at the end of 2, 4, 6, 8, and 10years.
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20 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 1.4 Worked Examples
 Example 1. How many years does it take for money to triple in value atinterest rate i ?
 The equation to solve is 3 = (1 + i)t, so the answer is ln(3)/ ln(1 + i),with numerical answer given by
 t =
 22.52 for i = 0.0516.24 for i = 0.0711.53 for i = 0.10
 Example 2. Suppose that a sum of $1000 is borrowed for 5 years at 5%,with interest deducted immediately in a lump sum from the amount borrowed,and principal due in a lump sum at the end of the 5 years. Suppose furtherthat the amount received is invested and earns 7%. What is the value of thenet profit at the end of the 5 years ? What is its present value (at 5%) asof time 0 ?
 First, the amount received is 1000 (1 − d)5 = 1000/(1.05)5 = 783.53,where d = .05/1.05, since the amount received should compound to preciselythe principal of $1000 at 5% interest in 5 years. Next, the compounded valueof 783.53 for 5 years at 7% is 783.53 (1.07)5 = 1098.94, so the net profitat the end of 5 years, after paying off the principal of 1000, is $98.94.The present value of the profit ought to be calculated with respect to the‘going rate of interest’, which in this problem is presumably the rate of 5%at which the money is borrowed, so is 98.94/(1.05)5 = 77.52.
 Example 3. For the following small cohort life-table (first 3 columns) with 5age-categories, find the probabilities for all values of [T ], both uncondition-ally and conditionally for lives aged 2, and find the expectation of both [T ]and (1.05)−[T ]−1.
 The basic information in the table is the first column lx of numberssurviving. Then dx = lx − lx+1 for x = 0, 1, . . . , 4. The random variableT is the life-length for a randomly selected individual from the age=0 cohort,and therefore P ([T ] = x) = P (x ≤ T < x + 1) = dx/l0. The conditionalprobabilities given survivorship to age-category 2 are simply the ratios withnumerator dx for x ≥ 2 , and with denominator l2 = 65.
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1.4. WORKED EXAMPLES 21
 x lx dx P ([T ] = x) P ([T ] = x|T ≥ 2) 1.05−x−1
 0 100 20 0.20 0 0.952381 80 15 0.15 0 0.907032 65 10 0.10 0.15385 0.863843 55 15 0.15 0.23077 0.827704 40 40 0.40 0.61538 0.783535 0 0 0 0 0.74622
 In terms of the columns of this table, we evaluate from the definitions andformula (1.2)
 E([T ]) = 0 · (0.20) + 1 · (0.15) + 2 · (0.10) + 3 · (0.15) + 4 · (0.40) = 2.4
 E([T ] |T ≥ 2) = 2 · (0.15385) + 3 · (0.23077) + 4 · (0.61538) = 3.4615
 E(1.05−[T ]−1) = 0.95238 · 0.20 + 0.90703 · 0.15 + 0.86384 · 0.10 +
 + 0.8277 · 0.15 + 0.78353 · 0.40 = 0.8497
 The expectation of [T ] is interpreted as the average per person in the cohortlife-table of the number of completed whole years before death. The quantity(1.05)−[T ]−1 can be interpreted as the present value at birth of a paymentof $1 to be made at the end of the year of death, and the final expectationcalculated above is the average of that present-value over all the individualsin the cohort life-table, if the going rate of interest is 5%.
 Example 4. Suppose that the death-rates qx = dx/lx for integer ages x ina cohort life-table follow the functional form
 qx =
 {
 4 · 10−4 for 5 ≤ x < 308 · 10−4 for 30 ≤ x ≤ 55
 between the ages x of 5 and 55 inclusive. Find analytical expressions forS(x), lx, dx at these ages if l0 = 105, S(5) = .96.
 The key formula expressing survival probabilities in terms of death-ratesqx is:
 S(x + 1)
 S(x)=
 lx+1
 lx= 1 − qx
 orlx = l0 · S(x) = (1 − q0)(1 − q1) · · · (1 − qx−1)
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22 CHAPTER 1. BASICS OF PROBABILITY & INTEREST
 So it follows that for x = 5, . . . , 30,
 S(x)
 S(5)= (1 − .0004)x−5 , lx = 96000 · (0.9996)x−5
 so that S(30) = .940446, and for x = 31, . . . , 55,
 S(x) = S(30) · (.9992)x−30 = .940446 (.9992)x−30
 The death-counts dx are expressed most simply through the precedingexpressions together with the formula dx = qx lx .
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 1.5 Useful Formulas from Chapter 1
 S(x) =lxl0
 , dx = lx − lx+1
 p. 1
 P (x ≤ T ≤ x + k) =S(x) − S(x + k)
 S(x)=
 lx − lx+k
 lx
 p. 2
 f(x) = −S ′(x) , S(x) − S(x + k) =
 ∫ x+t
 x
 f(t) dt
 pp. 5, 5
 E(
 g(T )∣
 ∣
 ∣T ≥ x
 )
 =1
 S(x)
 ∫
 ∞
 x
 g(t) f(t) dt
 p. 7
 1 + iAPR =
 (
 1 +i(m)
 m
 )m
 =
 (
 1 −d(m)
 m
 )−m
 = eδ
 p. 9
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